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Abstract 
 
With the advent of the fifth-generation (5G) era, Massive multiple-input multiple-output 
(MIMO) relay systems have experienced the rapid development. Recently, the performance 
analysis models of Massive MIMO relay systems have been proposed, which are mostly 
based on Rayleigh fading channels. In order to create a more suitable model for 5G Internet 
of Things scenarios, our study is based on the Rician fading channels, where line-of-sight 
(LOS) path exists in the channels. In this paper, we assume the channel state information 
(CSI) is perfect. In this case, we use statistical information to derive the analytical exact 
closed-form expression for the achievable sum rate of the uplink for the Massive MIMO 
two-hop relay system over Rician fading channels. Moreover, considering the different 
communication scenarios, we derive the analytical exact closed-form expression for the 
achievable sum rates of the uplink for other three scenarios. Finally, based on these 
expressions, we make simulations and analyze the performance under different transmit 
powers and Rician-factors, which provides a theoretical basis and reference for further 
research. 
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1. Introduction 

As an essential part of the 5G wireless communication field, the Massive MIMO system 

has aroused wide concern of researchers [1-3]. In order to improve the quality of service 
(QoS) and increase coverage of MIMO systems, MIMO relay systems have also attracted 
great attention in recent years [4-9]. The main disadvantage of the Massive MIMO relay 
systems is the serious path loss since there is no direct link between the user and the 
destination base (BS), and the signal transmitted by the user must be relayed by relay (RS) in 
order to finally reach BS. Both RS and BS are equipped with a large number of antenna 
arrays, which provides unprecedented spatial freedom to serve multiple users terminals 
simultaneously on the same time-frequency channel. Under the premise of perfect CSI and 
being available at the RS and BS, maximum ratio combining (MRC) with noise reduction 
and interference can increase both the spectral and energy efficiency [10-12]. 

In recent years, amplify-and-forward (AF) relay technology has attracted the attention 
of researchers. It not only improves the quality of QoS of cell edge users, which effectively 
increases coverage, but also provides reliable links for areas with severe path loss [13-15]. 
For example, with the application of AF technology, multipair Massive MIMO one-way 
relay has been studied in [13], where the received signals are processed respectively by MRC 
and zero-forcing (ZF) in the relay. Under the premise of adequate relay antennas, [13] 
derives the approximate closed-form expression of the achievable rate with MRC compared 
to ZF processing when the transmission power is reduced to the 1/N (the number of relay 
antennas) of original. What’s more, in order to expand the coverage area of wireless 
communication, multipair Massive MIMO two-way relay has been studied in [14]. They 
derive the closed-form expression of the achievable rate with the assumption that the number 
of relay antennas is large enough and approaches infinity. The simulation results show that, 
the rate of the analytical approximate result is infinitely close to the rate of the simulation 
result with the increasing number of antennas. In [15], multipair Massive MIMO two-way 
relay networks were proposed to improve the QoS of wireless communication and further 
expand convergence. However, the previous work on AF relay systems was mainly based on 
Rayleigh fading channels, which ignored the effect of LOS component in realistic wireless 
communication scenarios. Therefore, it is of great significance to research the MIMO relay 
system over Rician fading channel. 

In this paper, we focus on a Massive MIMO two-hop relay system featured with LOS 
path over Rician fading channels, which is different from traditional work. The main 
contributions of this paper are as follows: Firstly, through the simple process of received 
signals with the usage of MRC at RS and the application of AF technology, we derive the 
analytical exact closed-form expression for the achievable sum rate of the uplink using 
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statistical information. Then, based on the presence or absence of LOS path from user to RS 
and RS to BS, we develop three analytical exact closed-form expressions for the achievable 
sum rates of the uplink under three different scenarios. In detailed, the first case is based on 
the presence of LOS path between the user and RS. Similarly, the second case is based on 
the presence of LOS path between the user and BS. And the third case is based on the 
absence of LOS path between user to RS or RS to BS). Finally, with the foundation of above 
expressions, we conduct simulations and evaluate the performance under different transmit 
powers and Rician-factors. 
Notations: Throughout the paper, the uppercase boldface letters represent the matrix, and the 
lowercase boldface letters represent the column vectors. (. )𝐻𝐻  and  𝑡𝑡𝑡𝑡(. )  denote the 
conjugate transpose and trace of the matrix, respectively. The complex Gaussian distribution 
with ∗  mean and variance 𝜎𝜎2  is expressed as 𝒞𝒞𝒞𝒞(∗,𝜎𝜎2) . 𝐸𝐸{. }  represent the 
expectation.𝐈𝐈𝑁𝑁  denotes an 𝑁𝑁 ×  𝑁𝑁 identify matrix. And [𝐗𝐗]𝑖𝑖𝑖𝑖  or 𝐗𝐗𝑖𝑖𝑖𝑖  gives the  (𝑖𝑖, 𝑗𝑗 )th 
entry of 𝐗𝐗.  

2. System Model  

 

Fig. 1. System model of a Massive MIMO two-hop relay uplink 

 
Fig. 1 displays an uplink model of the Massive MIMO relay system over the Rician 

fading channel, which includes RS with 𝑁𝑁𝑟𝑟  antennas, BS with 𝑁𝑁𝑑𝑑  antennas and 𝐾𝐾 
single-antenna users. The signal transmitted by the 𝐾𝐾 user must be relayed by the relay RS 
in order to finally reach BS. The channel between the user to RS 𝐆𝐆𝑆𝑆𝑆𝑆 , similarly, the 
channel between RS and BS is denoted as 𝐆𝐆𝑆𝑆𝑅𝑅. And there is LOS path both in 𝐆𝐆𝑆𝑆𝑆𝑆 
and 𝐆𝐆𝑆𝑆𝑅𝑅. Besides, there are 𝑁𝑁𝑟𝑟 and 𝑁𝑁𝑑𝑑 antennas respectively in the relay RS and BS, 
which satisfy 𝑁𝑁𝑑𝑑 ≥ 𝑁𝑁𝑟𝑟 > 𝐾𝐾. 

 

             𝐆𝐆𝑆𝑆𝑆𝑆 = 𝐇𝐇𝑆𝑆𝑆𝑆𝐃𝐃𝑆𝑆𝑆𝑆
1 2⁄                     𝐆𝐆𝑆𝑆𝑅𝑅 = 𝐇𝐇𝑆𝑆𝑅𝑅𝐃𝐃𝑆𝑆𝑆𝑆
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2.1 Channel Model 
The user to RS and the RS to BS channel coefficients can be expressed as 𝑔𝑔𝑆𝑆𝑆𝑆,𝑚𝑚𝑚𝑚 =

[𝐆𝐆𝑆𝑆𝑆𝑆]𝑚𝑚𝑚𝑚, 𝑔𝑔𝑆𝑆𝑅𝑅,𝑛𝑛𝑚𝑚 = [𝐆𝐆𝑆𝑆𝑅𝑅]𝑛𝑛𝑚𝑚, which can be written as 

𝑔𝑔𝑆𝑆𝑆𝑆,𝑚𝑚𝑚𝑚 = ℎ𝑆𝑆𝑆𝑆,𝑚𝑚𝑚𝑚�𝛼𝛼𝑚𝑚      (1) 

𝑔𝑔𝑆𝑆𝑅𝑅,𝑛𝑛𝑚𝑚 = ℎ𝑆𝑆𝑅𝑅,𝑛𝑛𝑚𝑚�𝛽𝛽𝑚𝑚      (2) 

Where ℎ𝑆𝑆𝑆𝑆,𝑚𝑚𝑚𝑚 is a fast fading element between the 𝑘𝑘th user and the 𝑚𝑚th antenna of the RS, 
and ℎ𝑆𝑆𝑅𝑅,𝑛𝑛𝑚𝑚 is a fast fading element between the 𝑘𝑘th optional transmit antennas of the RS 
and the 𝑛𝑛th antenna of the BS. Besides, 𝛼𝛼𝑚𝑚and 𝛽𝛽𝑚𝑚 are the large-scale fading coefficients 
[16]. Matrix form can be expressed as 

𝐆𝐆𝑆𝑆𝑆𝑆 = 𝐇𝐇𝑆𝑆𝑆𝑆𝐃𝐃𝑆𝑆𝑆𝑆
1/2        (3) 

𝐆𝐆𝑆𝑆𝑅𝑅 = 𝐇𝐇𝑆𝑆𝑅𝑅𝐃𝐃𝑆𝑆𝑅𝑅
𝟏𝟏/𝟐𝟐       (4) 

Where 𝐃𝐃𝑆𝑆𝑆𝑆  and  𝐃𝐃𝑆𝑆𝑅𝑅  are the 𝐾𝐾 × 𝐾𝐾  diagonal matrix with  [𝐃𝐃𝑆𝑆𝑆𝑆]𝑚𝑚𝑚𝑚 = 𝛼𝛼𝑚𝑚 
and  [𝐃𝐃𝑆𝑆𝑅𝑅]𝑚𝑚𝑚𝑚 = 𝛽𝛽𝑚𝑚 . 𝐇𝐇𝑆𝑆𝑆𝑆  and  𝐇𝐇𝑆𝑆𝑅𝑅  denote 𝑁𝑁𝑟𝑟  × 𝐾𝐾  and 𝑁𝑁𝑑𝑑  × 𝐾𝐾  fast fading matrices 
from the user to the RS and the RS to the BS, i.e., [𝐇𝐇𝑆𝑆𝑆𝑆]𝑚𝑚𝑚𝑚 = ℎ𝑆𝑆𝑆𝑆,𝑚𝑚𝑚𝑚 and [𝐇𝐇𝑆𝑆𝑅𝑅]𝑛𝑛𝑚𝑚 =
ℎ𝑆𝑆𝑅𝑅,𝑛𝑛𝑚𝑚. The fast fading matrices 𝐇𝐇𝑆𝑆𝑆𝑆 and 𝐇𝐇𝑆𝑆𝑅𝑅 consist of deterministic component 𝐇𝐇�𝑆𝑆𝑆𝑆, 
𝐇𝐇�𝑆𝑆𝑅𝑅 and Rayleigh distribution random component 𝐇𝐇𝑆𝑆𝑆𝑆,𝑤𝑤, 𝐇𝐇𝑆𝑆𝑅𝑅,𝑤𝑤, respectively. Then, the 
matrices 𝐇𝐇𝑆𝑆𝑆𝑆 and 𝐇𝐇𝑆𝑆𝑅𝑅 can be expressed as [17] 

𝐇𝐇𝑆𝑆𝑆𝑆 = 𝐇𝐇�𝑆𝑆𝑆𝑆[𝛀𝛀𝑆𝑆𝑆𝑆(𝛀𝛀𝑆𝑆𝑆𝑆 + 𝐈𝐈𝐾𝐾)−1]1/2 + 𝐇𝐇𝑆𝑆𝑆𝑆,𝑤𝑤[(𝛀𝛀𝑆𝑆𝑆𝑆 + 𝐈𝐈𝐾𝐾)−1]1/2   (5) 
𝐇𝐇𝑆𝑆𝑅𝑅 = 𝐇𝐇�𝑆𝑆𝑅𝑅[𝛀𝛀𝑆𝑆𝑅𝑅(𝛀𝛀𝑆𝑆𝑅𝑅 + 𝐈𝐈𝐾𝐾)−1]1/2 + 𝐇𝐇𝑆𝑆𝑅𝑅,𝑤𝑤[(𝛀𝛀𝑆𝑆𝑅𝑅 + 𝐈𝐈𝐾𝐾)−1]1/2  (6) 

Where both 𝛀𝛀𝑆𝑆𝑆𝑆 and 𝛀𝛀𝑆𝑆𝑅𝑅 represent the a Rician-factor diagonal matrix of 𝐾𝐾 × 𝐾𝐾, and the 
Rician-factor of the 𝑘𝑘th user can represent [𝛀𝛀𝑆𝑆𝑆𝑆]𝑚𝑚𝑚𝑚 = 𝜇𝜇𝑚𝑚 and [𝛀𝛀𝑆𝑆𝑅𝑅]𝑚𝑚𝑚𝑚 = 𝜀𝜀𝑚𝑚, respectively. 
The entries of 𝐇𝐇𝑆𝑆𝑆𝑆,𝑤𝑤  and 𝐇𝐇𝑆𝑆𝑅𝑅,𝑤𝑤  are Gaussian random variables with zero mean and 
variance of 1/2, independent and identical distribution. 𝐇𝐇�𝑆𝑆𝑆𝑆 and 𝐇𝐇�𝑆𝑆𝑅𝑅 can be written as 
[18-20] 

[𝐇𝐇�𝑆𝑆𝑆𝑆]𝑚𝑚𝑚𝑚 = 𝑒𝑒−𝑖𝑖(𝑚𝑚−1)(2𝜋𝜋𝑑𝑑𝑆𝑆𝑆𝑆/𝜆𝜆)𝑠𝑠𝑖𝑖𝑛𝑛 (𝜃𝜃𝑆𝑆𝑆𝑆,𝑘𝑘)     (7) 
      [𝐇𝐇�𝑆𝑆𝑅𝑅]𝑛𝑛𝑚𝑚 = 𝑒𝑒−𝑖𝑖(𝑛𝑛−1)(2𝜋𝜋𝑑𝑑𝑆𝑆𝑅𝑅/𝜆𝜆)𝑠𝑠𝑖𝑖𝑛𝑛 (𝜃𝜃𝑆𝑆𝑅𝑅,𝑘𝑘)     (8) 

Where 𝜃𝜃𝑆𝑆𝑆𝑆,𝑖𝑖  and 𝜃𝜃𝑆𝑆𝑅𝑅,𝑖𝑖  represent the angle of arrival of the ith user at RS and BS, 
respectively. 𝜆𝜆 is the wavelength. 𝑑𝑑𝑆𝑆𝑆𝑆and 𝑑𝑑𝑆𝑆𝑅𝑅 represent the spatial distances at the user to 
RS and RS to BS, respectively. 
2.2 Signal Processing 

Let 𝐱𝐱𝑠𝑠 ∈ ℂ𝐾𝐾×1 be the signal transmitted by 𝐾𝐾 single antenna users, which satisfies 
𝔼𝔼{𝐱𝐱𝑠𝑠𝐱𝐱𝑠𝑠𝐻𝐻} = 𝐈𝐈𝐾𝐾 [6]. 𝐆𝐆𝑆𝑆𝑆𝑆 is a channel matrix of 𝑁𝑁𝑟𝑟  × 𝐾𝐾 from users to RS. The received 
signal 𝐲𝐲𝑆𝑆 at the RS is 

𝐲𝐲𝑆𝑆 = �𝑝𝑝𝑢𝑢𝐆𝐆𝑆𝑆𝑆𝑆𝐱𝐱𝑠𝑠 + 𝐧𝐧𝑆𝑆     (9) 
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where 𝑝𝑝𝑢𝑢 is the transmission power of each single antenna user and 𝐧𝐧𝑆𝑆 is additive white 
Gaussian noise (AWGN) with 𝒞𝒞𝒞𝒞(0,𝜎𝜎𝑆𝑆2𝐈𝐈𝒏𝒏𝑆𝑆). After receiving the signal 𝐲𝐲𝑆𝑆 at the RS, 
simple signal processing is performed via the MRC by multiplying the received signal vector 
𝐲𝐲𝑆𝑆 at the RS with the MRC matrix 𝐖𝐖𝑆𝑆𝑆𝑆

𝐻𝐻  which depends on 𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 . The processed signal can 
be expressed as 

𝐱𝐱𝑆𝑆 = 𝐖𝐖𝑆𝑆𝑆𝑆
𝐻𝐻 𝐲𝐲𝑆𝑆 = �𝑝𝑝𝑢𝑢𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 𝐆𝐆𝑆𝑆𝑆𝑆𝐱𝐱𝑠𝑠 + 𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 𝐧𝐧𝑆𝑆   (10) 

Then the signal is amplified and then forwarded, and the forwarded signal 𝐱𝐱�𝑆𝑆  can be 
expressed as 

𝐱𝐱�𝑆𝑆 = 𝛾𝛾𝐱𝐱𝑆𝑆           (11) 
Where 𝛾𝛾 is the amplification factor satisfying the constraint 𝔼𝔼�𝐱𝐱�𝑆𝑆𝐇𝐇𝐱𝐱�𝑆𝑆� = 𝑃𝑃𝑆𝑆. 
Using 𝔼𝔼�𝐱𝐱�𝑆𝑆𝐇𝐇𝐱𝐱�𝑆𝑆� = 𝑃𝑃𝑆𝑆 and combine (10) and (11), we can obtain 

𝛾𝛾 = �
𝑃𝑃𝑆𝑆

𝑝𝑝𝑢𝑢𝑡𝑡𝑟𝑟�𝔼𝔼�𝐆𝐆𝑆𝑆𝑆𝑆
𝐻𝐻 𝐆𝐆𝑆𝑆𝑆𝑆𝐆𝐆𝑆𝑆𝑆𝑆

𝐻𝐻 𝐆𝐆𝑆𝑆𝑆𝑆��+𝜎𝜎𝑆𝑆2𝑡𝑡𝑟𝑟(𝔼𝔼�𝐆𝐆𝑆𝑆𝑆𝑆
𝐻𝐻 𝐆𝐆𝑆𝑆𝑆𝑆�})

        (12) 

Then the power amplified signal 𝐱𝐱�𝑆𝑆 of 𝐾𝐾 users is transmitted by 𝐾𝐾 antennas at the 
RS optionally. Transmitted signal 𝐱𝐱�𝑆𝑆 by the user passes through the Rician fading channel 
𝐆𝐆𝑆𝑆𝑅𝑅 to the BS. The received signal 𝐲𝐲𝑅𝑅 at the BS is 

𝐲𝐲𝑅𝑅 = 𝐆𝐆𝑆𝑆𝑅𝑅𝐱𝐱�𝑆𝑆  + 𝐧𝐧𝑅𝑅           (13) 
Where 𝐆𝐆𝑆𝑆𝑅𝑅 is the channel matrix of 𝑁𝑁𝑑𝑑  × 𝐾𝐾 between RS and BS, 𝐧𝐧𝑅𝑅~𝒞𝒞𝒞𝒞(0,𝜎𝜎𝑅𝑅2𝐈𝐈𝒏𝒏𝑅𝑅) is 
the AWGN at the BS. After receiving the signal 𝐲𝐲𝑅𝑅 at the BS, simple signal processing is 
performed via the MRC, that is conducted by multiplying the received signal vector 𝐲𝐲𝑅𝑅 at 
the BS with the MRC matrix 𝐖𝐖𝑆𝑆𝑅𝑅

𝐻𝐻  which depends on 𝐆𝐆𝑆𝑆𝑅𝑅𝐻𝐻 . Finally, the received signal 
vector of 𝐾𝐾 users at the BS is  

𝐫𝐫𝑅𝑅 = 𝐖𝐖𝑆𝑆𝑅𝑅
𝐻𝐻 𝐲𝐲𝑅𝑅 

= 𝛾𝛾�𝑝𝑝𝑢𝑢𝐆𝐆𝑆𝑆𝑅𝑅𝐻𝐻 𝐆𝐆𝑆𝑆𝑅𝑅𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 𝐆𝐆𝑆𝑆𝑆𝑆𝐱𝐱𝑠𝑠 + 𝛾𝛾𝐆𝐆𝑆𝑆𝑅𝑅𝐻𝐻 𝐆𝐆𝑆𝑆𝑅𝑅𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 𝒏𝒏𝑆𝑆 + 𝐆𝐆𝑆𝑆𝑅𝑅𝐻𝐻 𝒏𝒏𝑅𝑅 

(14) 
The analysis of the achievable rate for received signal will be elaborated in the next chapter. 

3. Analysis of Achievable Uplink Rate 

3.1 Sum Rate of Massive MIMO Two-Hop Relay System over Rician Fading 
Channel 

Assuming that there is perfect CSI from the user to the RS and the RS to the BS, and 
without channel estimation. According to equation (14), the acceptance signal of the 𝑘𝑘th 
user at the BS can be expressed as follows: 

r𝑅𝑅,𝑚𝑚 =
𝛾𝛾�𝑝𝑝𝑢𝑢𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚

𝐻𝐻 𝐆𝐆𝑆𝑆𝑅𝑅𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑚𝑚x𝑠𝑠,𝑚𝑚�������������������
desired signal

+ 𝛾𝛾�𝑝𝑝𝑢𝑢 ∑ g𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐆𝐆𝑆𝑆𝑅𝑅𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 g𝑆𝑆𝑆𝑆,𝑖𝑖x𝑠𝑠,𝑖𝑖

𝐾𝐾
𝑖𝑖≠𝑚𝑚���������������������

interference

+
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𝛾𝛾𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐆𝐆𝑆𝑆𝑅𝑅𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 𝐧𝐧𝑆𝑆 + 𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚

𝐻𝐻 𝐧𝐧𝑅𝑅�������������������
noise

   (15) 

According to the (15), the simulation sum rate of the uplink for the 𝑘𝑘th use is given:  

𝑆𝑆𝑚𝑚 = 1
2
𝔼𝔼 �log2 �1 + 𝛾𝛾2𝑝𝑝𝑢𝑢|𝐠𝐠𝑆𝑆𝑅𝑅,𝑘𝑘

𝐻𝐻 𝐆𝐆𝑆𝑆𝑅𝑅𝐆𝐆𝑆𝑆𝑆𝑆
𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑘𝑘|2

γ2𝑝𝑝𝑢𝑢 ∑ |𝐠𝐠𝑆𝑆𝑅𝑅,𝑘𝑘
𝐻𝐻 𝐆𝐆𝑆𝑆𝑅𝑅𝐆𝐆𝑆𝑆𝑆𝑆

𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑗𝑗x𝑠𝑠,𝑗𝑗|2+γ2𝜎𝜎𝑆𝑆2|𝐠𝐠𝑆𝑆𝑅𝑅,𝑘𝑘
𝐻𝐻 𝐆𝐆𝑆𝑆𝑅𝑅𝐆𝐆𝑆𝑆𝑆𝑆

𝐻𝐻 |2+𝜎𝜎𝑅𝑅2||𝐠𝐠𝑆𝑆𝑅𝑅,𝑘𝑘
𝐻𝐻 ||2𝐾𝐾

𝑗𝑗≠𝑘𝑘
��  

(16) 
Where the number of antennas is large enough [21, eq24], the formula (16) can be 
approximated as 

𝑆𝑆𝑚𝑚 ≈
1
2

log2 �1 + 𝛾𝛾2𝑝𝑝𝑢𝑢𝔼𝔼�|𝐠𝐠𝑆𝑆𝑅𝑅,𝑘𝑘
𝐻𝐻 𝐆𝐆𝑆𝑆𝑅𝑅𝐆𝐆𝑆𝑆𝑆𝑆

𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑘𝑘|2�
γ2𝑝𝑝𝑢𝑢 ∑ 𝔼𝔼�|𝐠𝐠𝑆𝑆𝑅𝑅,𝑘𝑘

𝐻𝐻 𝐆𝐆𝑆𝑆𝑅𝑅𝐆𝐆𝑆𝑆𝑆𝑆
𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑗𝑗|2�+γ2𝜎𝜎𝑆𝑆2𝔼𝔼�|𝐠𝐠𝑆𝑆𝑅𝑅,𝑘𝑘

𝐻𝐻 𝐆𝐆𝑆𝑆𝑅𝑅𝐆𝐆𝑆𝑆𝑆𝑆
𝐻𝐻 |2�+𝜎𝜎𝑅𝑅2𝔼𝔼�||𝐠𝐠𝑆𝑆𝑅𝑅,𝑘𝑘

𝐻𝐻 ||2�𝐾𝐾
𝑗𝑗≠𝑘𝑘

�  

(17) 
Let 𝐴𝐴𝑚𝑚 = 𝛾𝛾2𝑝𝑝𝑢𝑢𝔼𝔼�|𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚

𝐻𝐻 𝐆𝐆𝑆𝑆𝑅𝑅𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑚𝑚|2�, 𝐵𝐵𝑚𝑚 = γ2𝑝𝑝𝑢𝑢�|𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐆𝐆𝑆𝑆𝑅𝑅𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖|2�, 

𝐶𝐶𝑚𝑚 = γ2𝜎𝜎𝑆𝑆2𝔼𝔼�|𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐆𝐆𝑆𝑆𝑅𝑅𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 |2�, 𝑅𝑅𝑚𝑚 = 𝜎𝜎𝑅𝑅2𝔼𝔼�||𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚

𝐻𝐻 ||2� ,the theorem1 can be obtained. 
Theorem 1: The analytical exact sum rate of the uplink for Massive MIMO two-hop relay 
system over Rician fading channels can be expressed as 

𝑆𝑆𝑠𝑠𝑢𝑢𝑚𝑚 = 1
2
∑ log2 (1 + 𝐴𝐴𝑘𝑘

𝐵𝐵𝑘𝑘+𝐶𝐶𝑘𝑘+𝑅𝑅𝑘𝑘
)𝐾𝐾

𝑚𝑚=1          (18) 

Let ∆𝑆𝑆𝑆𝑆,𝑚𝑚= 2𝜇𝜇𝑘𝑘+1
(𝜇𝜇𝑘𝑘+1)2

,𝛷𝛷𝑚𝑚𝑖𝑖 = sin (𝑁𝑁𝑟𝑟π(sin𝜃𝜃𝑆𝑆𝑆𝑆,𝑘𝑘−sin𝜃𝜃𝑆𝑆𝑆𝑆,𝑖𝑖)/2)
sin (π(sin𝜃𝜃𝑆𝑆𝑆𝑆,𝑘𝑘−sin𝜃𝜃𝑆𝑆𝑆𝑆,𝑖𝑖)/2)

,𝑄𝑄𝑚𝑚𝑖𝑖 =

𝜇𝜇𝑘𝑘𝜇𝜇𝑖𝑖𝛷𝛷𝑘𝑘𝑖𝑖
2

𝑁𝑁𝑟𝑟
� +𝜇𝜇𝑘𝑘+𝜇𝜇𝑖𝑖+1

(𝜇𝜇𝑘𝑘+1)(𝜇𝜇𝑖𝑖+1)
, 

∆𝑆𝑆𝑅𝑅,𝑚𝑚= 2𝜀𝜀𝑘𝑘+1
(𝜀𝜀𝑘𝑘+1)2,𝜙𝜙𝑚𝑚𝑖𝑖 = sin (𝑁𝑁𝑑𝑑π(sin𝜃𝜃𝑆𝑆𝑅𝑅,𝑘𝑘−sin𝜃𝜃𝑆𝑆𝑅𝑅,𝑖𝑖)/2)

sin (π(sin𝜃𝜃𝑆𝑆𝑅𝑅,𝑘𝑘−sin𝜃𝜃𝑆𝑆𝑅𝑅,𝑖𝑖)/2)
 , 𝑆𝑆𝑚𝑚𝑖𝑖 =

𝜀𝜀𝑘𝑘𝜀𝜀𝑖𝑖𝜙𝜙𝑘𝑘𝑖𝑖
2

𝑁𝑁𝑑𝑑
� +𝜀𝜀𝑘𝑘+𝜀𝜀𝑖𝑖+1

(𝜀𝜀𝑘𝑘+1)(𝜀𝜀𝑖𝑖+1)
 

By using the expressions of ∆𝑆𝑆𝑆𝑆,𝑚𝑚、𝑄𝑄𝑚𝑚𝑖𝑖、𝛷𝛷𝑚𝑚𝑖𝑖、∆𝑆𝑆𝑅𝑅,𝑚𝑚、𝑆𝑆𝑚𝑚𝑖𝑖、𝜙𝜙𝑚𝑚𝑖𝑖, term 𝐴𝐴𝑚𝑚、𝐵𝐵𝑚𝑚、𝐶𝐶𝑚𝑚、𝑅𝑅𝑚𝑚 
in equation (18) can be written as 

𝐴𝐴𝑚𝑚 = γ2𝑝𝑝𝑢𝑢𝛼𝛼𝑚𝑚𝛽𝛽𝑚𝑚𝑁𝑁𝑟𝑟𝑁𝑁𝑑𝑑[𝛼𝛼𝑚𝑚𝛽𝛽𝑚𝑚�𝑁𝑁𝑟𝑟 + ∆𝑆𝑆𝑆𝑆,𝑚𝑚��𝑁𝑁𝑑𝑑 + ∆𝑆𝑆𝑅𝑅,𝑚𝑚�+ ∑ 𝛼𝛼𝑖𝑖𝐾𝐾
𝑖𝑖≠𝑚𝑚 𝛽𝛽𝑖𝑖𝑄𝑄𝑖𝑖𝑚𝑚𝑆𝑆𝑚𝑚𝑖𝑖]   (19) 

𝐵𝐵𝑚𝑚 = 𝛾𝛾2𝑝𝑝𝑢𝑢𝛽𝛽𝑚𝑚𝑁𝑁𝑟𝑟𝑁𝑁𝑑𝑑 ∑ 𝛼𝛼𝑖𝑖[𝛼𝛼𝑚𝑚𝛽𝛽𝑚𝑚𝑄𝑄𝑚𝑚𝑖𝑖�𝑁𝑁𝑑𝑑 + ∆𝑆𝑆𝑅𝑅,𝑚𝑚�+ ∑ 𝛼𝛼𝑖𝑖𝛽𝛽𝑖𝑖𝑄𝑄𝑖𝑖𝑖𝑖𝑆𝑆𝑚𝑚𝑖𝑖𝐾𝐾
𝑖𝑖≠𝑚𝑚,𝑖𝑖≠𝑖𝑖

𝐾𝐾
𝑖𝑖≠𝑚𝑚 + 𝛼𝛼𝑖𝑖𝛽𝛽𝑖𝑖𝑆𝑆𝑚𝑚𝑖𝑖�𝑁𝑁𝑟𝑟 +

∆𝑆𝑆𝑆𝑆,𝑖𝑖�]   (20) 
𝐶𝐶𝑚𝑚 = 𝛾𝛾2𝛽𝛽𝑚𝑚𝑁𝑁𝑟𝑟𝑁𝑁𝑑𝑑𝜎𝜎𝑆𝑆2[𝛼𝛼𝑚𝑚𝛽𝛽𝑚𝑚�𝑁𝑁𝑑𝑑 + ∆𝑆𝑆𝑅𝑅,𝑚𝑚�+ ∑ 𝛼𝛼𝑖𝑖𝐾𝐾

𝑖𝑖≠𝑚𝑚 𝛽𝛽𝑖𝑖𝑆𝑆𝑚𝑚𝑖𝑖]  (21) 
𝑅𝑅𝑚𝑚 = 𝜎𝜎𝑅𝑅2𝛽𝛽𝑚𝑚𝑁𝑁𝑑𝑑        (22) 

Proof: See Appendix A 
According to the expressions of ∆𝑆𝑆𝑆𝑆,𝑚𝑚、𝑄𝑄𝑚𝑚𝑖𝑖、𝛷𝛷𝑚𝑚𝑖𝑖、∆𝑆𝑆𝑅𝑅,𝑚𝑚、𝑆𝑆𝑚𝑚𝑖𝑖、𝜙𝜙𝑚𝑚𝑖𝑖.The  equation (12) 
can be written as 

𝛾𝛾 = �
𝑃𝑃𝑆𝑆

𝑝𝑝𝑢𝑢𝑁𝑁𝑟𝑟�∑ 𝛼𝛼𝑖𝑖2𝐾𝐾
𝑖𝑖=1 �𝑁𝑁𝑟𝑟+∆𝑆𝑆𝑆𝑆,𝑖𝑖�+∑ 𝛼𝛼𝑖𝑖 ∑ 𝛼𝛼𝑙𝑙𝑄𝑄𝑖𝑖𝑙𝑙𝐾𝐾

𝑙𝑙≠𝑖𝑖
𝐾𝐾
𝑖𝑖=1 �+𝜎𝜎𝑆𝑆2𝑁𝑁𝑟𝑟 ∑ 𝛼𝛼𝑙𝑙𝐾𝐾

𝑙𝑙=1
    (23) 

Proof: See Appendix B 
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3.2 Sum Rates in Three Different Scenarios 
In the actual communication process, the LOS path may not exist in the user to RS or 

RS to BS. Hence, in the following sections, three different models are deduced to deal with 
this situation. Case1) The effect of LOS path is considered merely in the users to the RS, 
Case2) The effect of LOS path is considered merely in the RS to the BS, and Case3) The 
effect of LOS path is out of consideration both in the users to the RS and the RS to the BS. 
Case1: In this section, the Rician-factor between the RS and the BS is  −∞dB, i.e., 
𝜀𝜀𝑖𝑖 = 0(𝑖𝑖 = 0,1, . . ,𝐾𝐾). Thus the RS to the BS can be regarded as the Rayleigh fading channel. 
i.e., ∆𝑆𝑆𝑅𝑅,𝑚𝑚= 1，𝑆𝑆𝑚𝑚𝑖𝑖 = 1, for 𝑖𝑖 = 0,1, . . ,𝐾𝐾. no LOS path between the RS and BS. The 
following theorem 2 is obtained. 
Theorem 2: When the effect of LOS path exists merely in the users to the RS, the analytical 
exact sum rate of the uplink for Massive MIMO two-hop relay system is given by 

𝑆𝑆𝑠𝑠𝑢𝑢𝑚𝑚,𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐1 = 1
2
∑ log2 (1 + 𝐴𝐴𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐1,𝑘𝑘

𝐵𝐵𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐1,𝑘𝑘+𝐶𝐶𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐1,𝑘𝑘+𝑅𝑅𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐1,𝑘𝑘
)𝐾𝐾

𝑚𝑚=1     (24) 

Similar to the calculations of equations (18), (19), (20), and (21), term 𝐴𝐴𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐1,𝑚𝑚, 𝐵𝐵𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐1,𝑚𝑚, 
𝐶𝐶𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐1,𝑚𝑚, and 𝑅𝑅𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐1,𝑚𝑚 can be obtained as follows 

  𝐴𝐴𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐1,𝑚𝑚 = γ2𝑝𝑝𝑢𝑢𝛼𝛼𝑚𝑚𝛽𝛽𝑚𝑚𝑁𝑁𝑟𝑟𝑁𝑁𝑑𝑑[𝛼𝛼𝑚𝑚𝛽𝛽𝑚𝑚�𝑁𝑁𝑟𝑟 + ∆𝑆𝑆𝑆𝑆,𝑚𝑚�(𝑁𝑁𝑑𝑑 + 1) + ∑ 𝛼𝛼𝑖𝑖𝛽𝛽𝑖𝑖𝐾𝐾
𝑖𝑖≠𝑚𝑚 𝑄𝑄𝑖𝑖𝑚𝑚] (25) 

𝐵𝐵𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐1,𝑚𝑚 = γ2𝑝𝑝𝑢𝑢𝛽𝛽𝑚𝑚𝑁𝑁𝑟𝑟𝑁𝑁𝑑𝑑 ∑ 𝛼𝛼𝑖𝑖�𝛼𝛼𝑚𝑚𝛽𝛽𝑚𝑚𝑄𝑄𝑚𝑚𝑖𝑖𝑁𝑁𝑑𝑑 +∑ 𝛼𝛼𝑖𝑖𝛽𝛽𝑖𝑖𝑄𝑄𝑖𝑖𝑖𝑖𝐾𝐾
𝑖𝑖≠𝑖𝑖 + 𝛼𝛼𝑖𝑖𝛽𝛽𝑖𝑖�𝑁𝑁𝑟𝑟 + ∆𝑆𝑆𝑆𝑆,𝑖𝑖� �  𝐾𝐾

𝑖𝑖≠𝑚𝑚  (26) 

𝐶𝐶𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐1,𝑚𝑚 = 𝛾𝛾2𝛽𝛽𝑚𝑚𝑁𝑁𝑟𝑟𝑁𝑁𝑑𝑑𝜎𝜎𝑆𝑆2[𝛼𝛼𝑚𝑚𝛽𝛽𝑚𝑚𝑁𝑁𝑑𝑑 + ∑ 𝛼𝛼𝑖𝑖𝛽𝛽𝑖𝑖𝐾𝐾
𝑖𝑖=1 ]  (27) 

𝑅𝑅𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐1,𝑚𝑚 = 𝜎𝜎𝑅𝑅2𝛽𝛽𝑚𝑚𝑁𝑁𝑑𝑑      (28) 
Case2: In this case, the Rician-factor between the user and the RS is also −∞dB, i.e., 
𝜇𝜇𝑖𝑖 = 0(𝑖𝑖 = 0,1, . . ,𝐾𝐾). Thus, the user to the RS can be regarded as Rayleigh fading channel, 
i.e.,∆𝑆𝑆𝑆𝑆,𝑚𝑚= 1，𝑄𝑄𝑚𝑚𝑖𝑖 = 1, for 𝑖𝑖 = 0,1, . . ,𝐾𝐾 no LOS path between the user and RS. The 
following theorem 3 is obtained. 
Theorem 3: When the effect of LOS path exists merely in the RS to the BS, the analytical 
exact sum rate of the uplink for Massive MIMO two-hop relay system can be given by 

𝑆𝑆𝑠𝑠𝑢𝑢𝑚𝑚,𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐2 = 1
2
∑ log2 (1 + 𝐴𝐴𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐2,𝑘𝑘

𝐵𝐵𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐2,𝑘𝑘+𝐶𝐶𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐2,𝑘𝑘+𝑅𝑅𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐2,𝑘𝑘
)𝐾𝐾

𝑚𝑚=1     (29) 

Similar to the calculations of equations (18), (19), (20), and (21), term 𝐴𝐴𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐2,𝑚𝑚, 𝐵𝐵𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐2,𝑚𝑚, 
𝐶𝐶𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐2,𝑚𝑚, and 𝑅𝑅𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐2,𝑚𝑚 can be obtained as follows 

   𝐴𝐴𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐2,𝑚𝑚 = γ2𝑝𝑝𝑢𝑢𝛼𝛼𝑚𝑚𝛽𝛽𝑚𝑚𝑁𝑁𝑟𝑟𝑁𝑁𝑑𝑑[𝛼𝛼𝑚𝑚𝛽𝛽𝑚𝑚(𝑁𝑁𝑟𝑟 + 1)�𝑁𝑁𝑑𝑑 + ∆𝑆𝑆𝑅𝑅,𝑚𝑚� + ∑ 𝛼𝛼𝑖𝑖𝛽𝛽𝑖𝑖𝐾𝐾
𝑖𝑖≠𝑚𝑚 𝑆𝑆𝑚𝑚𝑖𝑖]  (30) 

𝐵𝐵𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐2,𝑚𝑚 = γ2𝑝𝑝𝑢𝑢𝛽𝛽𝑚𝑚𝑁𝑁𝑟𝑟𝑁𝑁𝑑𝑑 ∑ 𝛼𝛼𝑖𝑖[𝛼𝛼𝑚𝑚𝛽𝛽𝑚𝑚�𝑁𝑁𝑑𝑑 + ∆𝑆𝑆𝑅𝑅,𝑚𝑚�+ ∑ 𝛼𝛼𝑖𝑖𝛽𝛽𝑖𝑖𝐾𝐾
𝑖𝑖≠𝑚𝑚 𝑆𝑆𝑚𝑚𝑖𝑖 + 𝛼𝛼𝑖𝑖𝛽𝛽𝑖𝑖𝑆𝑆𝑚𝑚𝑖𝑖𝑁𝑁𝑟𝑟]𝐾𝐾

𝑖𝑖≠𝑚𝑚         

(31) 
𝐶𝐶𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐2,𝑚𝑚 = 𝛾𝛾2𝛽𝛽𝑚𝑚𝑁𝑁𝑟𝑟𝑁𝑁𝑑𝑑𝜎𝜎𝑆𝑆2[𝛼𝛼𝑚𝑚𝛽𝛽𝑚𝑚�𝑁𝑁𝑑𝑑 + ∆𝑆𝑆𝑅𝑅,𝑚𝑚�+ ∑ 𝛼𝛼𝑖𝑖𝐾𝐾

𝑖𝑖≠𝑚𝑚 𝛽𝛽𝑖𝑖𝑆𝑆𝑚𝑚𝑖𝑖]  (32) 
𝑅𝑅𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐2,𝑚𝑚 = 𝜎𝜎𝑅𝑅2𝛽𝛽𝑚𝑚𝑁𝑁𝑑𝑑             (33) 

Case3: In this case, the Rician-factor from the user to the RS and the RS to the BS are both 
−∞dB, i.e., 𝜀𝜀𝑖𝑖 = 0,𝜇𝜇𝑖𝑖 = 0(𝑖𝑖 = 0,1, . . ,𝐾𝐾), ∆𝑆𝑆𝑆𝑆,𝑚𝑚= 1,𝑄𝑄𝑚𝑚𝑖𝑖 = 1,∆𝑆𝑆𝑅𝑅,𝑚𝑚= 1,𝑆𝑆𝑚𝑚𝑖𝑖 = 1. Therefore, 
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the model degenerates into a Rayleigh channel model. And theorem 4 can be obtained as 
follows: 
Theorem 4: When the effect of LOS path is out of consideration both in the user to the RS 
and the RS to the BS, the analytical exact sum rate of the uplink for Massive MIMO two-hop 
relay system can be given as: 

𝑆𝑆𝑠𝑠𝑢𝑢𝑚𝑚,𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐3 = 1
2
∑ log2 (1 + 𝐴𝐴𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐3,𝑘𝑘

𝐵𝐵𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐3,𝑘𝑘+𝐶𝐶𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐3,𝑘𝑘+𝑅𝑅𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐3,𝑘𝑘
)𝐾𝐾

𝑚𝑚=1     (34) 

Similar to the calculations of equations (18), (19), (20), and (21), term 𝐴𝐴𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐3,𝑚𝑚, 𝐵𝐵𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐3,𝑚𝑚, 
𝐶𝐶𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐3,𝑚𝑚, and 𝑅𝑅𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐3,𝑚𝑚 can be obtained as follows: 

𝐴𝐴𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐3,𝑚𝑚 = γ2𝑝𝑝𝑢𝑢𝛼𝛼𝑚𝑚𝛽𝛽𝑚𝑚𝑁𝑁𝑟𝑟𝑁𝑁𝑑𝑑[𝛼𝛼𝑚𝑚𝛽𝛽𝑚𝑚(𝑁𝑁𝑟𝑟 + 1)(𝑁𝑁𝑑𝑑 + 1) + ∑ 𝛼𝛼𝑖𝑖𝛽𝛽𝑖𝑖𝐾𝐾
𝑖𝑖≠𝑚𝑚 ]  (35) 

𝐵𝐵𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐3,𝑚𝑚 = γ2𝑝𝑝𝑢𝑢𝛽𝛽𝑚𝑚𝑁𝑁𝑟𝑟𝑁𝑁𝑑𝑑 ∑ 𝛼𝛼𝑖𝑖[𝛼𝛼𝑚𝑚𝛽𝛽𝑚𝑚𝑁𝑁𝑑𝑑 + ∑ 𝛼𝛼𝑖𝑖𝐾𝐾
𝑖𝑖=1 + 𝛼𝛼𝑖𝑖𝛽𝛽𝑖𝑖𝑁𝑁𝑟𝑟]𝐾𝐾

𝑖𝑖≠𝑚𝑚   (36) 
𝐶𝐶𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐3,𝑚𝑚 = γ2𝛽𝛽𝑚𝑚𝑁𝑁𝑟𝑟𝑁𝑁𝑑𝑑𝜎𝜎𝑆𝑆2[𝛼𝛼𝑚𝑚𝛽𝛽𝑚𝑚𝑁𝑁𝑑𝑑 + ∑ 𝛼𝛼𝑖𝑖𝐾𝐾

𝑖𝑖=1 𝛽𝛽𝑖𝑖]       (37) 
𝑅𝑅𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐3,𝑚𝑚 = 𝜎𝜎𝑅𝑅2𝛽𝛽𝑚𝑚𝑁𝑁𝑑𝑑          (38) 

4. Numerical Results 

In this section, we evaluate the sum rate of the uplink achievable of the Massive MIMO 
two-hop relay system based on the proposed models. In order to verify the validity of the 
derivation of expressions in section 3, we visualize the performances of proposed models 
under different RS antennas and Rician-factors. Assume that the shortest distance from the 
user to the relay is 𝑡𝑡𝑚𝑚𝑖𝑖𝑛𝑛 = 10, and 𝑠𝑠𝑚𝑚 is a log-normal random variable with standard 
derivation 8 dB, and path loss exponent 𝑣𝑣 =  3.8. The value of 𝛼𝛼𝑚𝑚  and 𝛽𝛽𝑚𝑚  can be 
calculated by 𝛼𝛼𝑚𝑚 = 𝑠𝑠𝑚𝑚(𝑡𝑡𝑆𝑆𝑆𝑆,𝑚𝑚/𝑡𝑡𝑚𝑚𝑖𝑖𝑛𝑛)−𝑣𝑣  and 𝛽𝛽𝑚𝑚 = 𝑠𝑠𝑚𝑚 . Through [𝐃𝐃𝑆𝑆𝑆𝑆]𝑚𝑚𝑚𝑚 = 𝛼𝛼𝑚𝑚 
and [𝐃𝐃𝑆𝑆𝑅𝑅]𝑚𝑚𝑚𝑚 = 𝛽𝛽𝑚𝑚 we can then obtain 𝐃𝐃𝑆𝑆𝑆𝑆 and 𝐃𝐃𝑆𝑆𝑅𝑅. The arrival angles 𝜃𝜃𝑆𝑆𝑆𝑆,𝑖𝑖 and 𝜃𝜃𝑆𝑆𝑅𝑅,𝑖𝑖 

are uniformly distributed in the interval [−𝜋𝜋
2

, 𝜋𝜋
2

] and the variance 𝜎𝜎𝑆𝑆2 = 𝜎𝜎𝑅𝑅2 = 1.Finally, 

let 𝜇𝜇𝑚𝑚 = 𝜀𝜀𝑚𝑚 = 10db  and substitute 𝜇𝜇𝑚𝑚、  𝜀𝜀𝑚𝑚、  𝜃𝜃𝑆𝑆𝑆𝑆,𝑖𝑖  and 𝜃𝜃𝑆𝑆𝑅𝑅,𝑖𝑖  into [𝛀𝛀𝑆𝑆𝑆𝑆]𝑚𝑚𝑚𝑚 = 𝜇𝜇𝑚𝑚、
[𝛀𝛀𝑆𝑆𝑅𝑅]𝑚𝑚𝑚𝑚 = 𝜀𝜀𝑚𝑚、 ∆𝑆𝑆𝑆𝑆,𝑚𝑚、𝑄𝑄𝑚𝑚𝑖𝑖、𝛷𝛷𝑚𝑚𝑖𝑖、∆𝑆𝑆𝑅𝑅,𝑚𝑚、𝑆𝑆𝑚𝑚𝑖𝑖  and 𝜙𝜙𝑚𝑚𝑖𝑖  to get  𝛀𝛀𝑆𝑆𝑆𝑆、𝛀𝛀𝑆𝑆𝑅𝑅、∆𝑆𝑆𝑆𝑆,𝑚𝑚、

𝑄𝑄𝑚𝑚𝑖𝑖、𝛷𝛷𝑚𝑚𝑖𝑖、∆𝑆𝑆𝑅𝑅,𝑚𝑚、𝑆𝑆𝑚𝑚𝑖𝑖 and 𝜙𝜙𝑚𝑚𝑖𝑖 parameters [7]. 
 

4.1 Sum Rate Change with the Number of Antennas 
Fig. 2, Fig. 3, Fig. 4 and Fig. 5 denote the analytical exact results and the Monte Carlo 

simulation results of the uplink achievable sum rates for the above four different models. 
When Rician-factor takes 0dB and 10dB, where 𝐾𝐾 = 10 and 𝑝𝑝𝑢𝑢=5,10,15. For the above 
four different communication models, the Monte Carlo simulation results match the 
analytical exact results well, which demonstrates the validity of the analytical exact 
closed-form expressions derived in (17), (24), (29) and (34). 
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Fig. 2. the sum rate change with 𝑁𝑁𝑟𝑟 under both Rician fading channels  

 
Fig. 3. Case1 the sum rate change with 𝑁𝑁𝑟𝑟 under the Rician fading channel exists between the 

user and the RS 
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Fig. 4. Case2 the sum rate change with 𝑁𝑁𝑟𝑟 under the Rician fading channel exists between the 

RS and the BS 

 
Fig. 5. Case3 the sum rate change with 𝑁𝑁𝑟𝑟 without Rician fading channel 

 
Fig. 2, Fig. 3, Fig. 4 and Fig. 5 show that the sum rates increases as the 𝑁𝑁𝑟𝑟 increases, 

and conversely, the growth rate decreases as the 𝑁𝑁𝑟𝑟 increases. When the number of 𝑁𝑁𝑟𝑟 is 
large enough, the growth rate tends to zero, and the sum rate tends to a fixed value. What’s 



5420                                   Cao et al.: Massive MIMO TWO-Hop Relay Systems Over Rician Fading Channels 

more, Fig. 2, Fig. 3 and Fig. 4 indicate that the sum rate is positively correlated with 
Rician-factor when the transmission power is equal. Considering that the Rician-factor is 
fixed and the transmit power 𝑝𝑝𝑢𝑢 is increased by an equal interval, the sum rate increases 
much faster when the 𝑝𝑝𝑢𝑢 is small than when the 𝑝𝑝𝑢𝑢 is large. By comparing the four models, 
it can be easily found that the sum rate based on the Rician channel is larger than the sum 
rates in case 1, case 2, and case 3, and the gap becomes larger with the increases of 
Rician-factor. Although there is only one LOS path in Fig. 3 and Fig. 4, the sum rate of case 
3 is remarkably larger than case 2. When the model degenerates into the Rayleigh model, the 
sum rate tends to lowest value. This indicates that the transmission rate can be increased 
when taking LOS path into consideration, which is consistent with the actual 
communication. 

 
4.2 Sum Rate Change with the Rician-Factor 

 
Fig. 6. the sum rate change with Rician-factor under both Rician fading channels. 

 
Fig. 6 shows the variation of sum rate with the increase of Rician-factor. Specially,𝑁𝑁𝑟𝑟 is 

set to 100 or 200 respectively, and 𝐾𝐾 = 10, 𝑝𝑝𝑢𝑢=5,10 and 15. It can be learned from the 
above figure that the achievable sum rate is positively correlated with the Rician-factor, 
transmit power, and number of antennas. When the Rician-factor decreases to a relatively 
small value, the channel degenerates into a Rayleigh fading channel. And at around 25 dB, 
the sum rate gets saturated and no longer varies with the growth of Rician-factor. 
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4.3 The Average Rate Change with the Number of Users 

 
Fig. 7. Average rate under both Rician fading channels with perfect CSI versus 𝐾𝐾 for different 

𝑁𝑁𝑟𝑟. 
 

Fig. 7 shows the variation of average rate with the number of users. Specially, 𝑁𝑁𝑟𝑟 is 50, 
100, 150, and 200 respectively, and 𝑝𝑝𝑢𝑢 = 10 ,  𝜇𝜇𝑖𝑖 = 𝜀𝜀𝑖𝑖 = 10𝑑𝑑𝐵𝐵 . Average per-user rate 
decreases logarithmically as the number of users increases. At the same time, the increase of 
𝑁𝑁𝑟𝑟 improves the average per-user spectrum efficiency as well as the QoS of the system. 
Since the number of available antennas per user is increased, the degree of freedom is also 
increased and interference between multiple users can be better eliminated. 

5. Conclusions 

In order to make full use of the advantages of Massive MIMO two-hop relay technology, 
the performance of the uplink of the Massive MIMO two-hop relay system over Rician 
fading channel is studied in this paper. For perfect CSI, we derive the analytical exact 
closed-form expression of the uplink for the Massive MIMO two-hop relay system over 
Rician fading channels with 𝑁𝑁𝑟𝑟  and 𝑁𝑁𝑑𝑑  large enough. Then, we develop three the 
analytical exact closed-form expressions for sum rates of the uplink under three different 
scenarios to have a deep study of the effect of LOS path. Finally, simulation results show 
that the achievable sum rate of the Rician channel Massive MIMO two-hop relay system is 
significantly larger than the sum rates of the other three cases. Although case 2 and case 1 
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only have Rician fading channel, the achievable sum rate of case 2 is larger than case1. 
When both channels degenerate into the Rayleigh fading channels, the achievable sum rate 
reach the minimum value in case 3. The above results prove that the performance of 
communication system can be significantly improved when the LOS path is taken into 
account. 

 
Appendix A 

Proof of the Theorem1 
 

According to [21], we can get the following high-order statistics as: 
𝔼𝔼�||𝐠𝐠𝑆𝑆𝑆𝑆,𝑚𝑚||2� = 𝛼𝛼𝑚𝑚𝑁𝑁𝑟𝑟           (39) 
𝔼𝔼�||𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚||2� = 𝛽𝛽𝑚𝑚𝑁𝑁𝑑𝑑           (40) 

𝔼𝔼 ��𝐠𝐠𝑆𝑆𝑆𝑆,𝑚𝑚
𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖�

2� = �𝛼𝛼𝑚𝑚
2𝑁𝑁𝑟𝑟�𝑁𝑁𝑟𝑟 + ∆𝑆𝑆𝑆𝑆,𝑚𝑚�     𝑖𝑖 = 𝑘𝑘

𝛼𝛼𝑚𝑚𝛼𝛼𝑖𝑖𝑁𝑁𝑟𝑟𝑄𝑄𝑚𝑚𝑖𝑖                       𝑖𝑖 ≠ 𝑘𝑘
      (41) 

𝔼𝔼 ��𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐠𝐠𝑆𝑆𝑅𝑅,𝑖𝑖�

2� = �𝛽𝛽𝑚𝑚
2𝑁𝑁𝑑𝑑�𝑁𝑁𝑑𝑑 + ∆𝑆𝑆𝑅𝑅,𝑚𝑚�     𝑖𝑖 = 𝑘𝑘
𝛽𝛽𝑚𝑚𝛽𝛽𝑖𝑖𝑁𝑁𝑑𝑑𝑆𝑆𝑚𝑚𝑖𝑖                       𝑖𝑖 ≠ 𝑘𝑘

      (42) 

From (17), the expectation of 𝔼𝔼��𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐆𝐆𝑆𝑆𝑅𝑅𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑚𝑚�

2� is calculated as 

𝔼𝔼 ��𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐆𝐆𝑆𝑆𝑅𝑅𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑚𝑚�

2� = 𝔼𝔼��∑ 𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐠𝐠𝑆𝑆𝑅𝑅,𝑖𝑖𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖

𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑚𝑚
𝐾𝐾
𝑖𝑖=1 �2�  

=

∑ 𝔼𝔼 ��𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐠𝐠𝑆𝑆𝑅𝑅,𝑖𝑖𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖

𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑚𝑚�
2�𝐾𝐾

𝑖𝑖=1 +

∑ ∑ 𝔼𝔼�𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐠𝐠𝑆𝑆𝑅𝑅,𝑖𝑖𝐠𝐠𝑆𝑆𝑅𝑅,𝑙𝑙

𝐻𝐻 𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚�𝔼𝔼�𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖
𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑚𝑚𝐠𝐠𝑆𝑆𝑆𝑆,𝑚𝑚

𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑙𝑙��������������������������������
=0

𝐾𝐾
𝑙𝑙≠𝑖𝑖

𝐾𝐾
𝑖𝑖=1   

= 𝔼𝔼 ��𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚�

2�𝔼𝔼 ��𝐠𝐠𝑆𝑆𝑆𝑆,𝑚𝑚
𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑚𝑚�

2�+ ∑ 𝔼𝔼��𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐠𝐠𝑆𝑆𝑅𝑅,𝑖𝑖�

2� 𝔼𝔼 ��𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖
𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑚𝑚�

2�𝐾𝐾
𝑖𝑖≠𝑚𝑚   

= 𝛼𝛼𝑚𝑚𝛽𝛽𝑚𝑚𝑁𝑁𝑟𝑟𝑁𝑁𝑑𝑑�𝛼𝛼𝑚𝑚𝛽𝛽𝑚𝑚�𝑁𝑁𝑟𝑟 + ∆𝑆𝑆𝑆𝑆,𝑚𝑚��𝑁𝑁𝑑𝑑 + ∆𝑆𝑆𝑅𝑅,𝑚𝑚�+ ∑ 𝛼𝛼𝑖𝑖𝛽𝛽𝑖𝑖𝐾𝐾
𝑖𝑖≠𝑚𝑚 𝑄𝑄𝑖𝑖𝑚𝑚𝑆𝑆𝑚𝑚𝑖𝑖� (43) 

Through (43) we can calculate the expected power of the signal 𝐴𝐴𝑚𝑚 
𝐴𝐴𝑚𝑚 = γ2𝑝𝑝𝑢𝑢𝛼𝛼𝑚𝑚𝛽𝛽𝑚𝑚𝑁𝑁𝑟𝑟𝑁𝑁𝑑𝑑[𝛼𝛼𝑚𝑚𝛽𝛽𝑚𝑚�𝑁𝑁𝑟𝑟 + ∆𝑆𝑆𝑆𝑆,𝑚𝑚��𝑁𝑁𝑑𝑑 + ∆𝑆𝑆𝑅𝑅,𝑚𝑚�+ ∑ 𝛼𝛼𝑖𝑖𝛽𝛽𝑖𝑖𝐾𝐾

𝑖𝑖≠𝑚𝑚 𝑄𝑄𝑖𝑖𝑚𝑚𝑆𝑆𝑚𝑚𝑖𝑖]     (44) 

Similarly,𝔼𝔼 ��𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐆𝐆𝑆𝑆𝑅𝑅𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖�

2� in (17) can be calculated as 

𝔼𝔼 ��𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐆𝐆𝑆𝑆𝑅𝑅𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖�

2� 

=

𝔼𝔼 ��𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚𝐠𝐠𝑆𝑆𝑆𝑆,𝑚𝑚

𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖�
2�+ ∑ 𝔼𝔼 ��𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚

𝐻𝐻 𝐠𝐠𝑆𝑆𝑅𝑅,𝑖𝑖𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖
𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖�

2�𝐾𝐾
𝑖𝑖≠𝑚𝑚
𝑖𝑖≠𝑖𝑖

+

𝔼𝔼 ��𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐠𝐠𝑆𝑆𝑅𝑅,𝑖𝑖𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖

𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖�
2�  
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=  𝔼𝔼 ��𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚�

2�𝔼𝔼 ��𝐠𝐠𝑆𝑆𝑆𝑆,𝑚𝑚
𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖�

2� +∑  𝔼𝔼 ��𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐠𝐠𝑆𝑆𝑅𝑅,𝑖𝑖�

2� 𝔼𝔼 ��𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖
𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖�

2�𝐾𝐾
𝑖𝑖≠𝑚𝑚
𝑖𝑖≠𝑖𝑖

+

𝔼𝔼 ��𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐠𝐠𝑆𝑆𝑅𝑅,𝑖𝑖�

2�𝔼𝔼 ��𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖
𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖�

2�  

= 𝛼𝛼𝑖𝑖𝛽𝛽𝑚𝑚𝑁𝑁𝑟𝑟𝑁𝑁𝑑𝑑[𝛼𝛼𝑚𝑚𝛽𝛽𝑚𝑚𝑄𝑄𝑚𝑚𝑖𝑖�𝑁𝑁𝑑𝑑 + ∆𝑆𝑆𝑅𝑅,𝑚𝑚� + ∑ 𝛼𝛼𝑖𝑖𝛽𝛽𝑖𝑖𝑄𝑄𝑖𝑖𝑖𝑖𝑆𝑆𝑚𝑚𝑖𝑖𝐾𝐾
𝑖𝑖≠𝑚𝑚,𝑖𝑖≠𝑖𝑖 + 𝛼𝛼𝑖𝑖𝛽𝛽𝑖𝑖𝑆𝑆𝑚𝑚𝑖𝑖�𝑁𝑁𝑟𝑟 + ∆𝑆𝑆𝑆𝑆,𝑖𝑖�]      

(45) 
Then the power of the interference 𝐵𝐵𝑚𝑚 is written as 

𝐵𝐵𝑚𝑚 = 𝛾𝛾2𝑝𝑝𝑢𝑢𝛽𝛽𝑚𝑚𝑁𝑁𝑟𝑟𝑁𝑁𝑑𝑑 ∑ 𝛼𝛼𝑖𝑖[𝛼𝛼𝑚𝑚𝛽𝛽𝑚𝑚𝑄𝑄𝑚𝑚𝑖𝑖�𝑁𝑁𝑑𝑑 + ∆𝑆𝑆𝑅𝑅,𝑚𝑚�+ ∑ 𝛼𝛼𝑖𝑖𝛽𝛽𝑖𝑖𝑄𝑄𝑖𝑖𝑖𝑖𝑆𝑆𝑚𝑚𝑖𝑖𝐾𝐾
𝑖𝑖≠𝑚𝑚,𝑖𝑖≠𝑖𝑖

𝐾𝐾
𝑖𝑖≠𝑚𝑚 + 𝛼𝛼𝑖𝑖𝛽𝛽𝑖𝑖𝑆𝑆𝑚𝑚𝑖𝑖�𝑁𝑁𝑟𝑟 +

∆𝑆𝑆𝑆𝑆,𝑖𝑖�]           (46) 

Then we calculate 𝔼𝔼{|𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐆𝐆𝑆𝑆𝑅𝑅𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻|2} in (17) as 

𝔼𝔼{|𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐆𝐆𝑆𝑆𝑅𝑅𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 |2} = 𝔼𝔼��∑ 𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚

𝐻𝐻 𝐠𝐠𝑆𝑆𝑅𝑅,𝑖𝑖𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖
𝐻𝐻𝐾𝐾

𝑖𝑖=1 ��∑ 𝐠𝐠𝑆𝑆𝑆𝑆,𝑙𝑙𝐠𝐠𝑆𝑆𝑅𝑅,𝑙𝑙
𝐻𝐻 𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚

𝐾𝐾
𝑙𝑙=1 �� (47) 

The above formula is not zero only when 𝑖𝑖 = 𝑙𝑙 
𝔼𝔼{|𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚

𝐻𝐻 𝐆𝐆𝑆𝑆𝑅𝑅𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 |2} 

= 𝔼𝔼 ��𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚�

2�𝔼𝔼�||𝐠𝐠𝑆𝑆𝑆𝑆,𝑚𝑚||2� + 𝔼𝔼{∑ �𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐠𝐠𝑆𝑆𝑅𝑅,𝑖𝑖�

2𝐾𝐾
𝑖𝑖≠𝑚𝑚 ||𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖

𝐻𝐻 ||2}  

= 𝔼𝔼 ��𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚�

2�𝔼𝔼�||𝐠𝐠𝑆𝑆𝑆𝑆,𝑚𝑚||2� +∑ 𝔼𝔼 ��𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚
𝐻𝐻 𝐠𝐠𝑆𝑆𝑅𝑅,𝑖𝑖�

2�𝔼𝔼{||𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖
𝐻𝐻 ||2}𝐾𝐾

𝑖𝑖≠𝑚𝑚   

(48) 
Then the effect of the AWGN at the RS is given by 

𝐶𝐶𝑚𝑚 = 𝛾𝛾2𝛽𝛽𝑚𝑚𝑁𝑁𝑟𝑟𝑁𝑁𝑑𝑑𝜎𝜎𝑆𝑆2[𝛼𝛼𝑚𝑚𝛽𝛽𝑚𝑚�𝑁𝑁𝑑𝑑 + ∆𝑆𝑆𝑅𝑅,𝑚𝑚�+ ∑ 𝛼𝛼𝑖𝑖𝛽𝛽𝑖𝑖𝐾𝐾
𝑖𝑖≠𝑚𝑚 𝑆𝑆𝑚𝑚𝑖𝑖] (49) 

Then the effect of the AWGN at the BS is given by 
𝑅𝑅𝑚𝑚 = 𝜎𝜎𝑅𝑅2𝔼𝔼�||𝐠𝐠𝑆𝑆𝑅𝑅,𝑚𝑚||2� = 𝜎𝜎𝑅𝑅2𝛽𝛽𝑚𝑚𝑁𝑁𝑑𝑑 (50) 

 
Appendix B 

Proof of Amplification Factor  
 

From (23), the expectation of the 𝑖𝑖th diagonal element of 𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 𝐆𝐆𝑆𝑆𝑆𝑆𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 𝐆𝐆𝑆𝑆𝑆𝑆 is calculated as 

𝔼𝔼{[𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 𝐆𝐆𝑆𝑆𝑆𝑆𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 𝐆𝐆𝑆𝑆𝑆𝑆]𝑖𝑖𝑖𝑖} = 𝔼𝔼�∑ �𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖
𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑙𝑙�

2𝐾𝐾
𝑙𝑙=1 � =

𝔼𝔼 ��𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖
𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖�

2� + 𝔼𝔼�∑ �𝐠𝐠𝑆𝑆𝑆𝑆,𝑖𝑖
𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑙𝑙�

2𝐾𝐾
𝑙𝑙≠𝑖𝑖 � = 𝛼𝛼𝑖𝑖2𝑁𝑁𝑟𝑟�𝑁𝑁𝑟𝑟 + ∆𝑆𝑆𝑆𝑆,𝑖𝑖� + 𝛼𝛼𝑖𝑖𝑁𝑁𝑟𝑟 ∑ 𝛼𝛼𝑙𝑙𝑄𝑄𝑖𝑖𝑙𝑙𝐾𝐾

𝑙𝑙≠𝑖𝑖  (51) 

Then we can get 
tr(𝔼𝔼{𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 𝐆𝐆𝑆𝑆𝑆𝑆𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 𝐆𝐆𝑆𝑆𝑆𝑆}) = ∑ 𝔼𝔼{[𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 𝐆𝐆𝑆𝑆𝑆𝑆𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 𝐆𝐆𝑆𝑆𝑆𝑆]𝑖𝑖𝑖𝑖}𝐾𝐾

𝑖𝑖=1   
            = �𝑁𝑁𝑟𝑟 ∑ 𝛼𝛼𝑖𝑖2𝐾𝐾

𝑖𝑖=1 �𝑁𝑁𝑟𝑟 + ∆𝑆𝑆𝑆𝑆,𝑖𝑖� + 𝑁𝑁𝑟𝑟 ∑ 𝛼𝛼𝑖𝑖 ∑ 𝛼𝛼𝑙𝑙𝑄𝑄𝑖𝑖𝑙𝑙𝐾𝐾
𝑙𝑙≠𝑖𝑖

𝐾𝐾
𝑖𝑖=1 �   (52) 

tr(𝔼𝔼{𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 𝐆𝐆𝑆𝑆𝑆𝑆}) is easy to obtain 
tr(𝔼𝔼{𝐆𝐆𝑆𝑆𝑆𝑆𝐻𝐻 𝐆𝐆𝑆𝑆𝑆𝑆}) = ∑ 𝔼𝔼{𝐠𝐠𝑆𝑆𝑆𝑆,𝑙𝑙

𝐻𝐻 𝐠𝐠𝑆𝑆𝑆𝑆,𝑙𝑙}𝐾𝐾
𝑙𝑙=1 = 𝑁𝑁𝑟𝑟 ∑ 𝛼𝛼𝑙𝑙𝐾𝐾

𝑙𝑙=1       (53) 
Finally, from (12), the expression of 𝛾𝛾 is given by  
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𝛾𝛾 = �
𝑃𝑃𝑆𝑆

𝑝𝑝𝑢𝑢𝑁𝑁𝑟𝑟�∑ 𝛼𝛼𝑖𝑖2𝐾𝐾
𝑖𝑖=1 �𝑁𝑁𝑟𝑟 + ∆𝑆𝑆𝑆𝑆,𝑖𝑖� +∑ 𝛼𝛼𝑖𝑖 ∑ 𝛼𝛼𝑙𝑙𝑄𝑄𝑖𝑖𝑙𝑙𝐾𝐾

𝑙𝑙≠𝑖𝑖
𝐾𝐾
𝑖𝑖=1 � + 𝜎𝜎𝑆𝑆2𝑁𝑁𝑟𝑟 ∑ 𝛼𝛼𝑙𝑙𝐾𝐾

𝑙𝑙=1
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