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Abstract 
 

In this paper, we proposed a contract theory based cooperative spectrum sharing scheme 
with joint power and bandwidth optimization under asymmetric information, where the 
primary user (PU) does not know the secondary users’ (SUs) private information. To improve 
performance, PU needs to provide incentives to stimulate nearby SUs to help forward its 
signal. By using contract theory, PU and SUs’ negotiations are modeled as a labor market. PU 
and SUs act as the employer and employees, respectively. Specifically, SUs provide labor (i.e. 
the relay power, which can be used for forwarding PU’s signal) in exchange for the reward (i.e. 
the spectrum access bandwidth which can be used for transmitting their own signals). PU 
needs to overcome a challenge how to balance the relationship between contributions and 
incentives for the SUs. We study the optimal contract design which consists of relay power 
and spectrum access bandwidth allocation. We show that the most efficient SUs will be hired 
by the PU to attend the cooperative communication. PU can achieve the same maximum utility 
as in the symmetric information scenario. Simulation results confirm that the utility of PU is 
significantly enhanced with our proposed cooperative spectrum sharing scheme. 
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1. Introduction 

The vision of improving the spectrum utilization and alleviating the scarcity of spectrum 
resources by using cognitive radio technology has led to a great deal of research. Due to the 
limitation of time and location, traditional fixed spectrum allocation mechanism is not 
efficient to meet the growing demand of wireless services. The design of cognitive radio 
networks is based on the concept of dynamic spectrum sharing where cognitive users can 
intelligently access the spectrum through spectrum sensing [1]. To make the spectrum sensing 
more efficient for the crowd sensor network, a generalized modeling approach for sensing data 
with an arbitrary abnormal component is proposed [2]. [3] gives an overview of applying 
various Kernel-based learning methods in spectrum sensing to solve both long-standing and 
emerging design problems. 

In cooperative communication, system performance can be improved by obtaining diversity 
gain [4]. Integrating cooperative communication into cognitive radio network can effectively 
improve the spectrum utilization [5]. In cooperative spectrum sharing schemes, SUs can help 
forward PU’s signal either by amplify-and-forward (AF) or decode-and-forward (DF) relay 
protocols [6,7]. [8] and [9] study cooperative spectrum sharing in the future 5G networks. 
Spectrum sensing and relay selection are studied in multiple-relay cognitive radio networks 
[10,11]. However, SUs are selfish and rational which leads them reluctant to take participate in 
PU’s cooperative communication without incentives. PU needs to provide some compensation 
to encourage the SUs to participate in the cooperation. 

There are three main compensation mechanisms, which are based on resource-exchange, 
money-exchange and reputation-exchange, respectively [12]. In resource-exchange 
mechanism, PU provides its resource (i.e., spectrum accessing time) to SUs, which can be 
used to transmit SUs’ signals to exchange SUs to relay PU’s signal [13-15]. In [13], the system 
is modeled as a non-cooperative game process, in which a unique point is obtained under the 
frame of Stackelberg equilibrium. [14] proposes a cooperative spectrum sharing strategy 
which optimizes the sum-rate of the SUs while ensuring the quality-of-service of PUs by 
sharing PUs’ subchannels in OFDMA-based cognitive radio network. An improved 
cooperative resource sharing strategy considering the joint determination is proposed in [15]. 
Money-exchange mechanism has two different forms, namely, pricing and auction. Pricing is 
widely used when PUs know the value of resources and sell them via virtual currency or 
tokens. SUs have the right to determine whether to access PUs’ spectrum according to the 
pricing provided by PUs [16,17]. In auction based mechanism, PUs and SUs make trading 
through submitting demand and bids to auctioneer, respectively,  to do the two-way selection 
[18-20]. The above two compensation mechanisms are only suitable for the short-term 
memoryless systems, while the reputation-exchange mechanism can be used for the long-term 
systems, which focus on the long-term performance [21].  

The above three compensation mechanisms all assume that PUs can obtain SUs’ complete 
information such as channel conditions, resource requirements, and costs for cooperation 
transmission, which is unrealristic for practical implements. Contract theory is an effective 
method to design incentive compatible mechanisms in a monopoly market under asymmetric 
information [22]. [23] studies a monopolist-dominated quality-price contract design to 
maximize PU’s utility. The contract contains a set of quality and price combinations for the 
sold spectrum, which is designed for each SU’s type. A contract-theory based framework 
under asymmetric channel information is proposed in [24], in which the contract comprises a 
set of targeted SNR at PR and credit items. Contract design including spectrum access time 
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and power is proposed in [25], where one PU designs and broadcasts the designed contract, if 
SUs accept PU’s contract, they forward the PU’s signal by using a fraction of their power and 
gain spectrum access time.  

In practical, if too many SUs accept PU’s contract, it will be difficult for all these SUs to 
access to the very small pieces of time divided from one time slot. Therefore, in this paper, we 
propose a contract design including spectrum access bandwidth and relay power. Specifically, 
the selected SUs provide the relay power to help forward PU’s signal in exchange for the 
dedicated spectrum access bandwidth to transmit their own signals.  

The main contributions of the paper are summarized as follows: First, we propose optimal 
contract design under symmetric and asymmetric information, respectively. We show that the 
optimal cotract with asymmetric information achieves the same maximum PU utility as in the 
symmetric information scenario. Second, we show that under asymmetric information, the 
optimal contract is feasible if and only if it is incentive compatible (IC) and individually 
rational (IR) for each SU. The necessary and sufficient conditions are characterized for a 
contract to be IC and IR systematically. Finally, simulation results demonstrate that PU’s 
utility is significantly enhanced with our proposed strategy.  

The left of this paper is organized as follows. Section 2 presents the system model and 
formulates the problem. In section 3, we show the optimal contract design under symmetric 
and asymmetric information. Computer simulation results are demonstrated in Section 4 to 
illustrate the performance of the proposed strategy. Finally we make a conclusion in Section 5. 

2. System Model and Problem Formulation 

2.1 System model 
We consider a typical cooperative cognitive radio network composed of one PU and 

multiple SUs as shown in Fig. 1.  PU comprises a transmitter PT and a receiver PR. Each SU 
has a dedicated transmitter ST  and receiver SR . The PU has the exclusive frequency band. 
However, due to path loss, shadowing, or interference, PT PR→  link experiences a poor link 
quality. On the other hand, SUs surrounding the PU want to access the licensed spectrum 
bands and transmit their own signals, and they cannot transmit without the PU’s permission. 
The PU can hire nearby SUs to relay its signal, while providing dedicated spectrum access 
bandwidth to them which can be used to transmit SUs’ signals.   

As shown in Fig. 1, the negotiation between PU and SUs before transmission includes the 
following three steps: 
 Step 1. PU broadcasts a testing signal, which contains the contract items (relay power 

and dedicated spectrum access bandwidth), to PR and SUs.  
 Step 2. The kSU  which can decode PU’s signal correctly feedback a signal to the PU. 

These kSU  will be selected into the candidate access set denoted as ={1,2,..., }KΩ .  
 Step 3. PU selects a proper subset of SUs to start the cooperative communication.  
The third step can be regardes as cooperative communication progress. As shown in Fig. 2, 

it is divided into the following two equal phases: 
 In the first phase, PT transmits the signal to PR through the direct transmission link, 

while ( )kSU k∈Ω  also receives PU’s signal.  

 In the second phase, each ( )kSU k∈Ω  forwards PU’s signal by using a fraction of 
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power and the licensed spectrum bandwidth, and uses the remained bandwidth 
rewarded by PU  and power to transmit own signals to kSR . 

PT

ST1

SR1

ST2 SR2

ST3

PR PT

ST1

SR1

ST2 SR2

ST3

PR
PT

ST1

SR1

ST2 SR2

ST3

PR

step 1 step 2 step 3

 
Fig. 1. Negotiation steps 

PT PR

ST1

ST3

SR1

ST2

SR2
First phase

Second phase
 

Fig. 2. Cooperative communication progress 
 

PU and SUs have conflicting objectives in the negotiation. The PU wants to increase its 
transmission rate, which requires SUs to use more power and bandwidth to relay PU’s signal. 
However, it will reduce SUs’ performance. And kSU  wants to increase its own performance 
by obtaining more dedicated bandwidth kb , which will reduce PU’s transmission rate. In 
Sections 2.2, we will explain in details how the PU and SUs evaluate the tradeoff between 
relay power and bandwidth allocations. In Section 3, we propose a contract-based framework 
which brings the PU and SUs together and resolves the conflicts. 

2.2 Problem formulation 
a) PU model 

We first calculate PU’s transmission rate when PU transmits its signal through the direct 
link without any SUs spectrum sharing. The PU’s achievable rate can be written as: 
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,log 1+ )d PT PRR SNR= （                                                             (1) 
where ,PT PRSNR  denotes the signal-to-noise ratio between PT to PR. 

PU will seek help from the nearby SUs to improve its performance, when PT PR→  link 
experiences a poor link quality. The selected SUs decode the received signal and help forward 
it to PR with the following two phases transmission. 

In the first transmission phase, as shown in Fig.2, PT broadcasts its signal to PR and the 
selected ,kST k ∈Ω . Thus, the achievable rate of PT PR→  link can be written as: 

1 ,
1 log 1+ )
2 PT PRR SNR= （                                                            (2) 

where constant 1/2 is due to the two half  phases transmission. 
In the second phase, the selected ,kST k ∈Ω  decode PU’s signal and allocate a fraction of 

licensed spectrum band to help PT forward its signal to PR. The total achievable rate of PU 
with two phases transmission can be written as [26]:  

,

0

1 1 (1 ) log(1 )
2 2

1 1     (1 ) log(1 )
2 2

ktot d k ST PR
k k

kk
d k

k

R R b SNR

p
R b

n

∈Ω ∈Ω

∈Ω

∈Ω

= + − +

= + − +

∑ ∑

∑∑
                                 (3) 

where 0n denotes the noise power, kb and kp  denote the dedicated spectrum access bandwidth 
allocated to kST  and received power at PR from kST , respectively. For simplicity, it is assumed 
that the noise at all the nodes is addictive white Gaussian noises (AWGN). 

The PU’s objective is to maximize its utility (i.e., the total transmission rate through two 
phases transmission) as follows [25]: 

0

1 1 (1 ) log(1 )
2 2

kk
PU tot d k

k

p
U R R b

n
∈Ω

∈Ω

= = + − + ∑∑                                   (4) 

Definition 1 (Performance Constraint). The PU’s utility with cooperative transmission should 
be larger than its utility with direct transmission 0 dU R= , i.e., 

0PUU U≥                                                                      (5) 
It is remarkable that PU will only choose to use cooperative communiation if the utility PUU  

is larger than 0U , which also means that SUs can only access to the PU’s spectrum only when 
they can help improve PU’s utility. In the following analysis, we assume that the direct 
transmission rate is small such that PU is willing to seek cooperation. 

b) SU model 

Next, we discuss how SUs evaluate bandwidth allocation kb and relay power kp . Note that 
the channel coefficient of kST to PR link is different (i.e. kh is different). And each selected kST  
has different transmission rate requirement (i.e., kR ) and transmission power (i.e. skp ) and 
received power at SR ,/s sk ST SRp p h= . Each SU has own unit power consumption cost (i.e. kC ). 
We can find that each SU may have different personal information. And these personal 
information are only known by SU itself.  

 



5808       Weidang Lu et al.: Contract Theory Based Cooperative Spectrum Sharing with Joint Power and Bandwidth Optimization 

We define kπ  as the payoff of kSU , which can be written as:  
1( )
2
1    ( )
2

k k k k sk rk k

k
k k k sk k

k

b R b p p C

pb R b p C
h

π = − +

= − +
                                                  (6) 

where rkp  is the relay power of the transmitter kST  and k
rk

k

pp
h

= . Multiplying both sides 

by
2 k

k

h
C

, we can obtain a normalized payoff written as [25]: 



2 ( )k k k sk
k k k

k

h R C p b p
C

π −
= −                                                  (7) 

According to SU’s different personal information, SUs can be classified into different types. 
Each kSU  has a unique type kθ , which can be defined as: 

2 ( ) 0k k k sk
k

k

h R C p
C

θ
−

= >                                                      (8) 

We can find that a larger type- kθ  implies the SU has better channel quality on the link of 
ST PR→ , lower cost of power consumption or better transmission performance. 

Thus, the payoff of kSU can be written as: 

( , )k k k k kp b b pπ θ= −                                                        (9) 

3. Contract Formulation 

As mentioned in the previous section, there is a conflict of objectives between PU and SUs. 
The PU expects that SUs can use more relay power and bandwidth to forward its signal in 
order to achieve larger the utility, while SUs always want to increase their own performance 
by obtaining more dedicated bandwidth kb . We introduce a contract incentive mechanism to 
resolve the above conflicting objectives.  

Note that SUs do not have the obligation of consuming their own energy to help improve 
PU’s performance without rewards. Thus, the PU needs to design a contract to attract the SUs 
to forward PU’s signal. The most important question is how to design an optimal contract 
which balances the incentives and contributions.  

We consider SUs have K differdent types. The set of types are denoted by a set 
1 2={ , ,.., }Kθ θ θΘ . Without loss of generality, assume 1 2 <...< Kθ θ θ< . The feasible contract 

contains K power-bandwidth items, i.e., relay power received at PR and spectrum access 
bandwidth, which can be denoted as  

{( ( ), ( ),  }k k kC p bθ θ θ= ∈Θ                                                (10) 
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  It can be simplified as  

{( , ,  }k kC p b k= ∈Ω                                                      (11) 

Once the contract ( , )k kp b  is accept by kSU , which means that kSU  should forward PU’s 
signal with the relay power received at PR of kp , and could obtain the spectrum access 
bandwidth of kb  to tarnsmit its own signal in return. 

3.1 Optimal contract design under symmetric information 
Under the symmetric information scenario, PU knows the precise type of each SU. Then, 

PU has the ability to monitor and ensure that SUs only accept the corresponding contract pairs 
designed for them. Considering that SUs are selfish and rational, PU needs to ensure that SUs 
can get non-negative rewards. That means the contract pairs need to satisfy the individual 
rationality constraint formulated as follows. 
Definition 2 (Individual Rationality, IR). A contract satisfies the IR constraint if and only if 
each type- kθ SU obtains nonnegative payoff when it chooses the contract term designed for its 
type, i.e., 

0,   k k kb p kθ − ≥ ∀ ∈Ω                                                       (12) 

The optimal contract is designed to maximize PU’s utility, which can be written as: 

{( , ), }
0

1 1max (1 ) log(1 )
2 2k k

kk
d kp b k k

p
R b

n
∈Ω

∀ ∈Ω
∈Ω

+ − + ∑∑                                (13) 

subject to  

0
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1 1 (1 ) log(1 )
2 2
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d k d
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b p k
p

R b R
n

θ

∈Ω

∈Ω

− ≥ ∀ ∈Ω



+ − + ≥


∑∑
                             

Lemma1. In an optimal contract, the selected kSU  obtains zero payoff by accepting the 
corresponding contract item1, i.e., 

0,   k k kb p kθ − = ∀ ∈Ω                                                             (14) 
Proof. According to IR constraint, we have 0,   k k kb p kθ − ≥ ∀ ∈Ω . Assuming that there 
exists an optimal contract item satisfying the condition 0k k kb pθ − > . PU can improve its 
utility by increasing kp until kp reaches k kbθ , which results in maximum utility of PU, and thus 
complete the proof. 
Theorem 1. PU prefers to hire the SU with highest type as cooperative relay in the optimal 
contract, which indicates that only the corresponding contract pair of the highest type is 
non-negative, and all others equal to zero. It can be denoted as: 
( , ) 0K KP b > and ( , ) 0  ,k kP b k k K= ∀ ∈Ω <， . 

Proof. Suppose that there exists an optimal contract with 0kb > , k K< . The total available 
bandwidth allocation is 

1 Although the payoff of the selected kSU  is zero, from (8) and (14), we can find /(2 )k k k k k skR C h C Pθ= + which is not zero. It 
means kSU  can gain the chance to transmit its own signal. Thus, kSU  will benefit from the proposed spectrum sharing scheme. 
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' k
k

B b
∈Ω

= ∑                                                                   (15) 

Then PU’s utility  can be written as: 

1
0

1 1 (1 ') log(1 )
2 2

k k
PU d

k

b
U R B

n
θ

∈Ω

= + − +∑                                  (16)  

If we allocate all the 'B  to the highest type Kθ , then 'Kb B= . PU’s utility can be written as: 

2
0

1 1 (1 ') log(1 )
2 2

K K
PU d

bU R B
n

θ
= + − +                                             (17) 

According to the inequality zoom principle, it can be derived as: 

0 0 0 0 0
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K k

k k K k k K K K

k k

b
b b B b

n n n n n

θ
θ θ θ θ∈Ω
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≤ = =
∑

∑ ∑                                  (18) 

Based on the above analysis, we can find 2 1PU PUU U≥ , which means that the SU with highest 
type can offer the largest help to the PU’s utility under the condition of a given total available 
bandwidth allocation. 

Using Lemma 1 and Theorem 1, the PU’s utility maximization problem (14) can be 
simplified as: 

( 0)
0

1 1max (1 ) log(1 )
2 2K

K K
d Kb

bR b
n

θ
≥

+ − +                                                (19) 

Take the first derivation of PUU with regard to Kb , we can obtain: 

0 0

(1 ) 1 log(1 )
2( ) 2

PU K K K K

K K K

dU b b
db b n n

θ θ
θ

−
= − +

+
                                           (20) 

Then take the second derivation of PUU with Kb , we can obtain: 
2

0
2 2

0

( 2 )
2( )

PU K K K K

K K K

d U b n
db b n

θ θ θ
θ

+ +
= −

+
                                                    (21) 

We can find that (21) is a strictly concave function due to the second derivation of PUU (21) 
is always negative. Then, the optimal bandwidth allocation can be obtained when the first 
derivation of PUU  equals to zero. Thus, the optimal bandwidth and power allocation can be 
written as: 

0 0

0

0

* ( )* )

K
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K K
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n nb e nW
n

θ
θ θθ
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（

                                                   (22) 
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n
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（

                                                        (23) 

where ( )W x  denotes the solution of the equation *exp( )y y x= , which is an Lambert Function, 
i.e. inverse function of ( ) *exp( )f w w w= . 
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3.2 Optimal contract design under asymmetric information 
Under the asymmetric information scenario, SUs may hide their personal information to 

the PU. PU cannot know each SU’s type, it only knows the knowledge of the set of SUs’ types 
and the number of each type. In this case, a feasible contract must satisfy both the individual 
rationality constraint in Definition 2 and the incentive compatibiltiy constraint defined as 
follows.   
Definition 3 (Incentive Compatibility, IC). A contract satisfies the IC constraint if for each 
type- kθ SU, it preferes to choose the contract item for kθ , i.e.,  

  ,k k k k j jb p b p k jθ θ− ≥ − ∀ ∈Ω                                         (24) 

IC constraint can ensure that SU with type- kθ will achieve its maximum payoff by choosing 
the kth contract item. 

Then, the optimization problem of PU can be written as: 

{( , ), }
max   (( , ), )

k k
PU k kp b k

U p b k
∀ ∈Ω

∈Ω                                              (25) 

subject to  

0

( , ) 0,    
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1 1 (1 ) log(1 )
2 2

k k

k k k

k k k k j j

kk N
d k d
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p b k
b p k
b p b p k j

p
R b R

n

θ
θ θ

∈

∈Ω

≥ ∀ ∈Ω
 − ≥ ∀ ∈Ω
 − ≥ − ∀ ∈Ω

 + − + ≥

∑∑

                                 

Next, we show that a feasible contract should satisfy the following conditions. 
Proposition 1. For any feasible contract i jp p≥  if and only if  ,i jb b i j≥ ∀ ∈Ω . 

Proof. The proof can be divided into the following two parts.  
Firstly, we prove the suffient of proposition 1. According to the IC constraint, we have 

i i i i j jb p b pθ θ− ≥ −  i.e., ( )  i i j i jb b p pθ − ≥ − . Due to i jp p≥ , we can obtain 
( )  >0i i j i jb b p pθ − ≥ − and thus i jb b≥ .  

Next, we proof the necessity. To satisfy the IC constraint, we have j j j j i ib p b pθ θ− ≥ − , i.e., 
( )i j j i j j j i jp p b b b bθ θ θ− ≥ − = − . Due to i jb b≥ , we can obtain ( ) 0i j j i jp p b bθ− ≥ − >  and 

thus i jp p≥ .  

Proposition 1 shows that the SU who contributes more power at PU’s receiver should get 
more bandwidth allocation, and vice versa. 

The following Proposition 2 shows the second necessary condition for contract feasibility.  
Proposition 2. For any feasible contract, if i jθ θ> , then , ,i jb b i j> ∀ ∈Ω . 

Proof. We prove it by using the contradiction. Assume there is such a situation i jb b<  with 
i jθ θ> . Then we have i j j i i i j jb b b bθ θ θ θ+ > + . While the feasible contract items for type- iθ  

and type- jθ  need to satisfy the IC constraint, i.e., i i i i j jb p b pθ θ− ≥ −  and 
j j j j i ib p b pθ θ− ≥ − . Combining the above two inequalities, we have i i j j i j j ib b b bθ θ θ θ+ ≥ + , 

which is in contradiction with the former assumption, and thus complete the proof.  
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Proposition 2 shows that compared with the low type SU, higher type SU should be 
allocated more transmission bandwidth. Combined with Proposition 1, we can find that all 
feasible power-bandwidth combination items should satisfy 1 20 ... Kp p p≤ ≤ ≤ ≤ , 

1 20 ... Kb b b≤ ≤ ≤ ≤ . 
As the second derivation of PUU  is always negative, we can find that (25) is a nonconvex 

problem, which is difficult to solve directly. We obtain the optimal power and bandwidth 
allocation with the following two steps. Firstly, we obtain the optimal power allocation with 
fixed feasible bandwidth allocations. Then drive the optimal bandwidth allocation. We will 
show in the numerical results that there is no performance gap between the above solution with 
the exhaustive search.  
Proposition 3. With fixed bandwidth allocations, the optimal unique relay powers satisfy  

*
1 1 1

*
1 1 1

2

({ , })

({ , }) ( )

k

k

k k i i i
i

p b k b

p b k b b b

θ

θ θ −
=

∀ =

∀ = + −∑
                                         (26) 

Proof.  PU wants the involved SUs to forward its signal with as high power as possible when 
SUs’ IR and IC constraints are satisfied. According to IR constraint, 1p  equals to 1 1bθ . Due 
to type- kθ SU’s IC constraint, we have ,  k k k k j jb p b p k jθ θ− ≥ − ≠ . For any 2,3,...,k K= , we 
can obtain 1 1 1 1 1( ) ( )k k k k k k k k kp b b p p b bθ θ− − − − −+ − ≤ ≤ + − . Thus, kp equals to 

1 1( )k k k kp b bθ− −+ −  for 2 k K≤ ≤ .  
Next we prove that the above contract items satisfy the IR and IC constraints. It is easy to 

find that the contract items in Proposition 3 meet the IR constraint. We now prove that they 
satisfy IC constraint, i.e.,  

,  k k k k j jb p b p k jθ θ− ≥ − ≠                                                  (27) 

We have 1 12 2
( ) ( )j k

j k i i i i i ii i
p p b b b bθ θ− −= =
− = − − −∑ ∑ . Combining with Proposition 1 and 

Proposition 2, we can obtain 
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Thus, (25) is proved. 
Using proposition 3, PU’s utility maximization problem can be simplify as  

1 1 1 1 12 2

{ }
0

( ( ))1 1max (1 ) log(1 )
2 2k

K k
i i ik i

d kb k k

b b b b
R b

n
θ θ θ −= =

∀ ∈Ω
∈Ω

+ + −
+ − + ∑ ∑∑

，
       (30) 

subject to  
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1 2

1 1 1 1 12 2

0

...

( ( ))1 1 (1 ) log(1 )
2 2
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i i ik i
d k d
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b b b

b b b b
R b R

n
θ θ θ −= =
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+ + −
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It can be further simplified with theorem 2 as follows.  
Theorem 2. In the optimal contract, only the contract item with the highest type is positive and 
all the other contract items are zero, i.e., ( , ) 0K Kp b >  and ( , ) 0,k kp b k K= ∀ < . 

Theorem 2 is easy to be proved with the similar method as theorem 1.  
Using Theorem 2, (30) can be further simplified as:  

( 0)
0

1 1max (1 ) log(1 )
2 2K

K K
d Kb

bR b
n

θ
≥

+ − +                                            (31) 

Notice that (31) under asymmetric information is the same as the (19) under symmetric 
information. The optimal contract items under two scenarios are the same in our model. Then, 
the optimal bandwidth allocation can be obtained by using the same methdod as in the 
symmetric information. 

4. Numerical results and Discussions 
The performance of the proposed scheme is shown in this section. Since the optimal 

contract in the case of symmetric information and asymmetric information are the same, we do 
not distinguish them in the following simulation results. Considering a typical cooperative 
system composed of one PU and three SUs. Without loss of generality, we assume that the 
noise for all the links is white Gaussian noise. 
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Fig. 3. Optimal bandwidth and power allocation vs. the highest SU type 
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Fig. 3 shows the optimal bandwidth and power allocations versus the highest SU’s type Kθ . 
We can observe from Fig. 3 that the optimal bandwidth decreases monotonically with the 
highest type of SU, while the optimal power increases. The SU with larger Kθ  offers higher 
received power at PR. When the highest type of SU becomes large, PU only needs to allocate 
a small portion of bandwidth to SU to obtain the relay power. This is the reason why PU 
prefers to choose a high type SU. As shown in Fig. 3, there is no performance gap between our 
proposed  joint power and bandwidth allocation and the exhaustive search.  
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Fig. 4. The utility of PU vs. direct transmission with different Kθ  

 

Fig. 4 shows the PU’s utility versus direct transmission rate dR with different highest 
type- Kθ . From Fig. 4 we can find that PU’s utility increases with dR and Kθ . With higher 
types, SUs will gain more opportunities to access PU’s spectrum. The dotted line indicates the 
transmission rate of the PU when there is no SU operating. It divides the plane into two regions, 
which are SUs access region and no SUs access region. When =10Kθ and 1dR > , the PU’s 
utility of cooperation will be smaller than its direct transmission rate. Then, SUs will not be 
allowed to access to the PU’s spectrum. Therefore, the PU’s utility equals to the utility of 
direct transmission. The incentive for the PU to share the spectrum with SUs increases as the 
type- Kθ increases. It is because of PU’s performance constraint, the PU will not choose SUs to 
forward signals when dR is large enough , which results no SUs can access to the PU’s 
spectrum. 

Fig. 5 shows SU’s rate versus SU’s highest type- Kθ  with different received power sp . We 
can find that the SU have the opportunity to transmit its own signal although its utility is zero. 
The SU with better channel condition will get higher rate during the cooperation with the same 
transmission power. SU’s rate decreases when Kθ becomes large. This is because that the 
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accessing bandwidth decreases with the highest type of SU as shown in Fig. 3. 
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Fig. 6 compares PU’s utility with our method, direct transmission method and the equal 
bandwidth allocation method. In the equal bandwidth allocation method, all selected SUs are 
allocated with the same access bandwidth. From Fig. 6, we can find that PU can only obtain a 
small utility when it transmits signal directly without any SUs access. Fig. 6 shows that our 
proposed method outperforms the other two benchmark methods. It is because that with 
highest type, SU can offer the largest help to the PU’s utility under the condition of a given 
total available bandwidth. In addition, PU’s willingness to cooperate decreases with the 
increase of direct transmission rate. 
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Fig. 7. The utility of PU comparison with different schemes 

 
Fig. 7 illustrates PU’s utility with our proposed scheme and the spectrum sharing scheme 

proposed in [25]. The contract design scheme in [25] includes the combination of relaying 
power and spectrum accessing time. As shown in Fig. 7, we can find that PU’s utility increases 
with dR  and the highest type of SU Kθ . We can observe that PU obtains higher utility with 
proposed scheme when the highest type of SU is given. Thus, the allocation of resource is 
more reasonable in the proposed method. 

5. Conclusion 
In this paper, we proposed a contract theory based cooperative spectrum sharing scheme 

with joint power and bandwidth optimization under asymmetric information. The PU hires 
proper SUs as cooperative relay to forward its signal and the involved SUs obtain 
opportunities to access licensed spectrum. Each SU chooses the optimal contract item 
according to its personal information. The proposed scheme takes into account both PU’s and 
SUs’ benefits. We study the design of optimal contract under two different scenarios and 
derive the optimal accessing bandwidth and relaying power, which can maximum PU’s utility. 
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Numerical results are presented to show PU’s significantly improved performance. 
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