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Abstract 
 

In this paper, we analyze the performance of an amplify-and-forward (AF) two-way relaying 

system, where two sources exchange information via the aid of an intermediate relay that is 

selected among multiple relays according to max-min criterion. We consider a practical 

scenario, where one source-relay link undergoes Rician fading, and the other source-relay 

link is subject to Rayleigh fading. To be specific, we derive a tight lower bound for the 

outage probability. From this lower bound, the asymptotic outage probability and average 

symbol error rate (SER) expressions are derived to gain insight into the system performance 

at high signal-to-noise ratio (SNR) region. Furthermore, we investigate the optimal power 

allocation (PA) with fixed relay location (RL), optimal RL with fixed PA and joint 

optimization of PA and RL to minimize the outage probability and average SER. The 

analytical expressions are verified through Monte Carlo simulations, where the positive 

impact of Rician factor on the system performance is also illustrated. Simulation results also 

validate the effectiveness of the proposed PA and relay positioning schemes. 
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1. Introduction 

Nowadays, two-way relaying has attracted wide research interest, due to its ability to 

improve spectral efficiency [1]. In a two-way relaying system (TWRS), two sources 

exchange information during two time slots via the aid of an intermediate relay [1]. Two 

sources transmit simultaneously to a relay during the first time slot, and the relay broadcasts 

the received signals after some processing during the second time slot. In general, the 

traditional decode-and-forward (DF) protocol and amplify-and-forward (AF) protocol used 

in one-way relaying system (OWRS) can be applied to TWRS [1]. In the DF scheme, the 

relay decodes the signals received, manipulates XOR operation in bit-level and broadcasts to 

both sources [2]. In the AF scheme, the relay simply amplifies the signals received and 

broadcasts the amplified signals to both sources [3]. AF protocol thus has lower 

implementation complexity than DF protocol; therefore we focus on AF protocol in this 

paper. 

It has been shown that the performance of TWRS can be improved by employing 

multiple relays to assist transmission. The authors in [4] have proposed a distributed 

space-time coding scheme for the AF TWRS, which can achieve full diversity order if the 

number of symbols in a frame is no less than the number of relays. Nevertheless, the 

distributed space-time coding requires significant amounts of coordination for both signaling 

and synchronization, which increases the implementation complexity. Relay selection (RS) 

has been shown to be an attractive alternative to combat this drawback [5], and many works 

have contributed to the performance analysis of AF TWRS with RS [6][7][8][9][10][11]. The 

authors in [6] have proposed a RS criterion for AF TWRS, with aim to maximize the overall 

channel capacity. In addition, performance bounds on average sum-rate, average symbol 

error rate (SER) and outage probability were provided in [6]. Another RS criterion, termed as 

max-min RS, has been proposed in [7]. The average SER of max-min RS was analyzed in [8] 

for binary phase shift keying (BPSK) over Rayleigh fading channels. The authors in [9] have 

analyzed the outage probability, average sum-rate for max-min RS over Nakagami-m fading 

channels. Taking into account channel estimation error, the outage probability and average 

bit error rate of max-min RS have been investigated in [10]. Furthermore, the authors in [11] 

have analyzed the diversity orders of various RS schemes, including best-relay selection, 

best-worse-channel selection and maximum-harmonic-mean selection. However, all the 

above mentioned works did not consider mixed Rician and Rayleigh fading channels. It is 

well known that it would be more appropriate to model one source to relay link as Rician 

fading in cellular networks, due to strong line-of-sight (LOS) component [12]. This is the 

motivation for our investigation of the performance of AF TWRS with relay selection over 

mixed Rician and Rayleigh fading channels. It is worthy noting that the performance of 

OWRS over mixed Rician and Rayleigh fading has been investigated in [13][14]. 

Nevertheless, the analysis method for OWRS cannot be applied to TWRS directly because of 

the presence of bidirectional transmission flows in TWRS. 

Another line of research has been focused on power allocation (PA) and relay positioning 

(RP) for TWRS [8][15][16][17][18]. A closed-form PA solution has been provided based on 

the asymptotic average SER expression [8]. Besides, optimum PA schemes based on 

instantaneous channel state information have been proposed in [15][16][17]. The authors in 

[16] have also proposed a sub-optimum PA algorithm, aiming to minimize the asymptotic 

outage probability of AF TWRS with max-min RS over Nakagami-m fading channels. 
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Another way to improve the system performance is to perform relay location (RL) 

optimization or joint PA and RL optimization. For TWRS, the optimal RL has been derived 

to minimize the outage probability and energy consumption in [17] and [18], respectively. To 

the best of the authors’ knowledge, the joint PA and RL optimization for TWRS has not yet 

been found in open literatures. However, a number of works such as [19][20][21][22][23] 

have addressed the joint optimization problem of PA and RL for OWRS over various 

scenarios. 

In light of aforementioned researches, in this paper we analyze the performance of AF 

TWRS with max-min relay selection
1
. Specially, we consider the mixed Rician and Rayleigh 

fading channels, which would be more appropriate to model the practical channels in cellular 

networks [12][13]. First, we derive a tight lower bound for the outage probability. To obtain 

more insights into the system performance at high signal-to-noise ratio (SNR), we also 

derive the asymptotic outage probability and average SER expressions, from which the 

diversity order is revealed. Furthermore, we optimize the outage probability and average 

SER by proposing PA scheme with fixed RL and RP scheme with fixed PA, which are 

derived from the asymptotic expressions. An iterative joint PA and RL optimization 

algorithm is also proposed to further minimize the outage probability and average SER. 

Finally, extensive Monte Carlo simulations are conducted to verify the analytical expressions. 

The effectiveness of proposed PA and RP schemes are also validated by simulation results. 

The rest of this paper is organized as follows. Section 2 describes the system model, and 

section 3 presents the analysis of outage probability and average SER. In section 4, the 

proposed PA and RP schemes are presented. Simulation results and discussions are provided 

in section 5. We draw the conclusions in section 6. 

Notation: Throughout this paper, the operators  •E  and  Pr • represent expectation 

and probability, respectively.  •xf  and  •xF  denote the probability density function 

(PDF) and cumulative distribution function (CDF) of a random variable x , respectively. 

 •o  denotes the high-order infinitesimal. 

2. System Model 

Consider an AF TWRS consisting of two sources (denoted as 
aT  and 

bT ), which wish to 

exchange information with the help of N  relays (denoted as 
1 2, , NR R R ), as shown in Fig. 

1. There is no direct link between 
aT  and 

bT  due to high shadowing, and all links between 

sources and relays are independent. All nodes in the system operate in half-duplex mode, and 

time-division duplex (TDD) is adopted. The channels are assumed to undergo block, 

quasi-static flat fading, namely they keep constant within one round of information exchange 

and change independently from one round to another round. The channel from 
aT  to jR  is 

denoted by ,a jh , and is subject to Rician fading owing to one strong LOS component,

1,2, ,j N . The channel from 
bT  to jR  is denoted by ,b jh , and undergoes Rayleigh 

                                                             
1 The differences between the performance analysis of this paper and those in [8][9] mainly consist of two 

aspects: (i) we consider the mixed Rician and Rayleigh fading channels, while [8] and [9] considered the 

Rayleigh and Nakagami-m fading channels, respectively; (ii) Unlike the works in [8][9], we assume both sources 

having not necessarily identical transmitting power, which matches the practical scenarios more appropriately. 
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fading
2
. Since the system works in TDD mode and the channels are block quasi-static fading, 

the channels are reciprocal, i.e., the channel from jR to 
kT is also described by

,k jh , ,k a b , 

1,2, ,j N . Let ,k jd  denote the distance between 
kT  and jR , ,k a b , 1,2,j N . We 

assume, as in [6][9], the relays are cluster located, and thus the inter-relay distances are small 

enough compared with ,k jd . So, we reasonably assume ,k j kd d , , , 1,2,k a b j N  . As 

such, links 
k iT R and 

k jT R have the same average fading power, which is denoted by 

v

k kd   with v  as a path loss exponent, , , , 1k a b i j N   . Accordingly, the PDF of 

2

,a jh  is given by  
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 ([24], Eq. (2.16)), where 

0J   denotes the Rician factor, and  0 •I  denotes the zeroth-order modified Bessel 

function of the first kind ([25], Eq. (8.431.1)). The PDF of 
2

,b jh  is given by
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Fig. 1 Block diagram of AF TWRS with RS. 

One round of information exchange between 
aT  and 

bT  consists of two time slots. In 

the first time slot, 
aT  and 

bT  transmit simultaneously to all relays. The signal received at 

jR  (1 j N  ) can be written by 

 , ,j a a j a b b j b jy p h x p h x n    (1) 

where 
kp  and 

kx  denote the transmitting power and transmitted signal with average unit 

                                                             
2 This assumption is valid in practice. For example, in relay enhanced cellular networks, the base station and 

relays are located in an environment where a LOS exists. Therefore, the base station to relays links can be 

modeled as Rician fading. Meanwhile, the mobile user is usually surrounded by multiple scatters, and thus the 

relays to mobile user links only experience Rayleigh fading [13]. 
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energy of 
kT , ,k a b , respectively, jn  denotes the additive white Gaussian noise (AWGN) 

with zero mean and unit variance at jR . In the second time slot, only the best relay is 

selected to transmit to both sources after amplifying the signal it has received. In this paper, 

we adopt the max-min RS scheme, namely the best relay 
iR  is selected according to 

 , ,
1,2

arg max min ,a j b j
j N

i  


 [8][9], where ,a j  and ,b j  denote the instantaneous SNRs 

received at 
aT  and 

bT , respectively, when jR  is selected to help transmission. Supposing 

iR  is selected, the signals received at 
aT  and 

bT  can be respectively written as 

 
2

, , , ,a a r a i a b r a i b i b r a i i ay p p Gh x p p Gh h x p Gh n n     (2) 

 
2

, , , ,b a r a i b i a b r b i b r b i i by p p Gh h x p p Gh x p Gh n n     (3) 

where 
rp  denotes the transmitting power of relay 

iR ,  2 2

, ,1 1a a i b b iG p h p h    is 

the amplifying factor, 
kn  denotes the AWGN with zero mean and unit variance at 

kT ,

,k a b . After self-information cancelation and some elementary manipulations, the 

instantaneous SNRs at 
aT  and 

bT  can be respectively represented by 

 

 

2 2

, ,

, 2 2

, , 1

b r a i b i

a i

a r a i b b i

p p h h

p p h p h
 

  
 (4) 

 

 

2 2

, ,

, 2 2

, , 1

a r a i b i

b i

a a i b r b i

p p h h

p h p p h
 

  
 (5) 

3. Performance Analysis 

In this section, we derive important performance measures for the AF TWRS with max-min 

RS, including outage probability, average SER and diversity order. 

3.1 Outage Probability 

In a TWRS, an outage event occurs when any end-to-end transmission is in outage, i.e., 

when either ,a i  or ,b i  falls below a predefined threshold 
th . Therefore, the definition 

of outage probability is given by [9] 

  , ,
1,2

Pr max min ,out a j b j th
j N

P   


  
  

 (6) 

Since it is mathematically intractable to derive the closed-form exact outage probability 

expression, we present a closed-form lower bound for the outage probability in the following 

proposition. 

Proposition 1: The outage probability of the AF TWRS with max-min RS can be lower 

bounded by 
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where  ,Q    is the first-order Marcum Q function ([24], Eq. (4.32)), 1 a   , 1 b   , 

 1 a b rp p p    and  2 a r bp p p   . 

Proof:  We first derive 

 , , , , , , , ,Pr min , Pr , Pr ,min a j b j th a j th a j b j b j th b j a jP                           
 (8) 

According to the results in [26], ,a j  and ,b j  can be tightly upper bounded by 
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 (9) 

Substituting (9) into (8) and processing some elementary manipulations, yields 

 

       

min , ,

2 2 2 2

, 2 , 1 , , 2 , 1 ,

Pr min ,

Pr , 1 1 1 Pr , 1 1 1

a j b j th

a j th a j b j b j th a j b j

P

h h h h

  

       

  
 

            
      

(10) 

We consider three cases to solve (10) in the following. 

Case 1 (
11  ): Since    

2 2

2 , 1 ,Pr 1 1 1 1a j b jh h     
  

and the second term on the 

right of (10) equals to zero, we have
min ,Pr a j thP      in this case. By using the inequality 

   min ,xy x y x y  [27], we obtain the lower bound of 
minP  as 

 

 
 

    2

2 2

min , , , 2

2 2

, , 2

1 Pr 1 Pr min ,

1 Pr Pr

1 2 , 2 1 th r
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a j th r b j th r

p
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Q J J p e b
 

   

  

  

           

      
      

  

 (11) 

Step (a) holds because 
2

,a jh  and 
2

,b jh  are independent. Step (b) results from ([28], Eq. 

(8)) 

          1

01 2 1 2 , 2 1
J tJ

x
J e e I J J t dt Q J J x


  

       (12) 
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Case 2 (
2 1  ): In this case, we have

min ,Pr b j thP      . Following the similar steps 

taken in Case 1, we get the lower bound of 
minP  as 
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1

2 1
1 2 ,

th

rth p

r

J
P Q J e
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 (13) 

Case 3 (
1 21   ): The derivation of 

minP  in this case is different from those in Case 1 

and Case 2. From the definition of 
minP , we have 
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Step (a) results from the inequality    min ,xy x y x y  [27], step (b) holds for the 

constraint 
1 21   , step (c) holds for the independence of 

2

,a jh  and 
2

,b jh , and step (d) 

derives from (12). 

Now, we have obtained the expression of 
minP . By using the order statistics [29], we get 

the desired result from (6), as presented in (7).■ 
Simulation results later will show that the lower bound in (7) is close to the simulated 

outage probability from medium to high SNR regime. Since the system will not work at low 

SNR region in practice, the lower bound (7) acts as guideline for system design. To obtain 

better insight into the system's outage behavior at high SNR, we present the asymptotic 

outage probability expression in the following proposition. 

Proposition 2: The asymptotic outage probability at high SNR for the AF TWRS with 

max-min RS is given by 

  
Na

out thP c  (15) 
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Proof: Let  
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As the transmitting power approaches infinity, x  and y  approach zeros. After substituting 

the infinite-series representation of 
0 ( )I   into (12) ([25], Eq. (8.447.1)), using Taylor series 

expansion, and processing some algebraic manipulations, the first-order expansion of  

  2 , 2 1Q J J x   can be written by 

       2 , 2 1 1 1 JQ J J x J e x o x        (18) 

Substituting (18) and 1 ( )ye y o y      into (7), neglecting the high-order infinitesimal 

terms, yields the asymptotic outage probability expression, as presented in (15) and (16).■ 
As will be shown in section 5, (15) excellently approximates the simulated outage 

probability at high SNR. (15) and (16) reveal that the AF TWRS with max-min RS can 

achieve a diversity order of N , which demonstrates the benefits of employing multiple 

relays to assist transmission. 

3.2 Average Symbol Error Rate 

Define ,e aP  and ,e bP  as the average SER at 
aT  and

bT , respectively. For a TWRS,

 , ,max ,e e a e bP P P , which reflects the average SER of the worse direction, can be employed 

to quantify the system's transmission reliability [10]. Since it is cumbersome to derive the 

exact expression of 
eP , in this subsection we derive an asymptotic expression of 

eP  at high 

SNR to examine the system's SER performance. 

The instantaneous SER of coherent modulation is in the form  ( )sP aQ b  [24], 

where  is the instantaneously received SNR,  
2 21

2

t

x
Q x e dt




  is Gaussian-Q 

function, a  and b  are modulation type dependent constants. Specially,  4 1 1a M  , 

 3 1b M   for M-ary quadrature amplitude modulation and 2a  , 
2sinb M  for 

M-ary phase-shift keying ( 4M  ). According to the result in [30], the average SER 
eP  can 

be calculated by 

  
min02

bx

e

a b e
P F x dx

x







   (19) 

where  min , ,
1,2

max min ,a j b j
j N

  


 . From the derivation of asymptotic outage probability 

(15), we can approximate  
min

F x  at high SNR as 

    
min

N
F x cx   (20) 

By substituting (20) into (19) and solving resultant integral with the help of ([25], Eq. 

(3.381.4)), we obtain the asymptotic average SER expression 
eP  as 

 
 

0.5

0.5

2

N

e N

Nac b
P

b


 
  (21) 

where   1

0

s ts t e dt


     is Gamma function ([25], Eq. (8.310.1)). 

As can be seen in section 5, (21) approximates the average SER quite well at high SNR. 

(16) and (21) also illustrates the positive impact of Rician factor on the average SER 
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performance compared to Rayleigh fading, which can be explained as follows: since Je  can 

be expanded as
0

!i

i
J i



 , we have 1Je J   for 0J  , which means that  1 1JJ e  . 

In other words, we have the strict inequality  1 JJ e  
 
for 0J  . 

4. Performance Optimization  

In this section, we first optimize the PA to minimize the outage probability and average SER, 

with the total transmitting power and RL fixed. Then, the optimal RL solution with fixed PA 

is derived to improve the system performance. Thereafter, an iterative algorithm is proposed 

to jointly optimize the PA and RL.  

4.1 Optimizing Power Allocation under Fixed Relay Location 

Supposing the RL (
ad  

and 
bd ) and total transmitting power 

a b rp p p p    are fixed, 

the outage probability and average SER can be simultaneously minimized by solving the 

following optimization problem: 

 

 
, ,

, , arg min

. . ,
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a b r

p p p

a b r
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p p p c

s t p p p p

p p p



  

  

 (22) 

We consider three cases to solve (22). For notation simplicity, we denote  1 JJ e   as 

  in the following. 

Case A (
11  ): In this case, (22) can be transformed to 

 

 
 

, ,
, , arg min

. .
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 (23) 

It is observed from (23) that the objective function decreases with 
bp  increasing. Therefore, 

the optimum value is attained when
b r ap p p  . After substituting 

b r ap p p   into

a b rp p p p   , we obtain the optimum transmitting power of 
aT  as 0.5ap p . 

Substituting 0.5b rp p p   into the objective function, yields 

 
 

 

0.5

0.5

r

r r r

p p

p p p p

 



 (24) 

The second-order derivative of (24) with respect to 
rp  is in the following form: 

 
 

 

23 2

33 3

0.25 8 3 32

0.5

r r r

r r r

p pp p p

p p p p


   
 




 (25) 

It is easily verified that (25) is positive in the interval  0,0.5rp p , which implies that (24) 

is a strictly convex function of rp  for  0,0.5rp p . Thus, we could obtain the optimum 

rp  by setting the first-order derivative of (24) to zero. After differentiating (24) with respect 
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to 
rp , and setting the resultant differential to zero, we obtain the following equation: 

      2 20.25 0r rp pp p            (26) 

After some algebraic manipulations on (26), the optimum transmitting power of relay is 

obtained as 

 

 

 

2
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2
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2
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p

p

p

   
 



 








    
 


 




 (27) 

Note that we have omitted the other solution to (26) when   , since it is larger than 

0.5p . With 0.5b rp p p  , the optimum transmitting power of 
bT  is given by 

  

2
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2 2 2
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 (28) 

Case B (
21  ): Following the similar steps taken in Case A, we obtain the optimum 

power allocation as 

  

2
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 (30) 

 0.5bp p  (31) 

Case C (
1 21   ): In this case, the optimization problem (22) is equivalent to 

 

 
   

, ,
, , arg min

. .

0
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To simplify the derivation, we first ignore the inequality constraints in (32), and focus on 

solving the following optimization problem: 

 
 

   
, ,

, , arg min

. .

a b r

b r a r

a b r
p p p

a r b r

a b r

p p p p
p p p

p p p p

s t p p p p

  
 

  

 (33) 

Since the objective function and constraint function of (33) are differentiable, we solve the 

Karush-Kuhn-Tucker (KKT) equations to find the optimal value of (33)(the KKT condition 

is the necessary condition even for nonconvex problem, i.e., the optimal solution of an 
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optimization problem must satisfy the KKT conditions [31][32]). Therefore, we can 

construct a Lagrangian function L  from (33) as 

  a b r

a r b r r

p p
L p p p p

p p p p p

   



        (34) 

where   is the Lagrangian multiplier. Setting the first-order derivatives of L  with respect 

to
ap , 

bp , 
rp  and   to zero, yields the following KKT equations: 
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After elementary manipulations, (35) can be transformed to 
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,

1 2 2 0

a b r a b
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 (36) 

where    . By solving (36), we obtain the following two points that achieve the 

minimum of (33): 
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p p  (37) 

Taking the inequality constraints in (32) into account, 
2

p should be discarded since it leads 

to 0rp  . Hence, only 
1

p
 

satisfies the KKT condition and the inequality constraints in 

(32), which implies that 
1

p
 

is the optimum solution to (32). Substituting 
1

p  into

0a b rp p p   , yields  
2

0 2 3   . Similarly, substituting 
1

p  into 

0b a rp p p    yields  
2

2 3   . Thus, 
1

p  is valid for    
2 2

2 3 2 3    . 

According to the above derivations, we propose a PA strategy to minimize the outage 

probability and average SER, which is described as follows: 

I. When  
2

0 2 3   , the power allocation is given by 
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 (38) 
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II. When  
2

2 3   , the power allocation is given by 
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 (39) 

III. When    
2 2

2 3 2 3    , the power allocation is given by 
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 (40) 

4.2 Optimum Relay Location under Fixed Power Allocation 

In this subsection, we investigate the optimum RL with given PA to minimize the outage 

probability and average SER. Let the distance between 
aT  and 

bT  be so normalized that 

1a bd d  . Let 
ad d , and then 1bd d  . For fixed PA, the optimum RL problem can be 

formulated as (after substituting vd   and  1
v

d    into (16)) 

 
 * arg min 1

. . 0 1

vv

d
d Ad B d

s t d

  

 
 (41) 

where 

 

 

 

2
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1
1 1
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J e
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 (42) 

The second-order derivative of  1
vvAd B d  with respect of d is given by  

    
221 1

vvv v Ad B d
   

 
 (43) 

It is verified that (43) is positive with  0,1d , and hence (41) is a convex optimization 

problem. Setting the first derivative of  1
vvAd B d   with respect to d  to zero, yields 

  
11 1 0

vvAd B d
     (44) 

After solving (44), we obtain the optimum RL as 
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1

1
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d
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 (45) 

4.3 Joint Power Allocation and Relay Location Optimization 

In this subsection, we jointly optimize the PA and RL to further minimize the outage 

probability and average SER. The joint optimization problem can be written as  

 

 
, , ,

, , , arg min

. . ,

0, 0, 0,0 1

a b r
a b r

p p p d

a b r

a b r

p p p d c

s t p p p p

p p p d



  

    

 (46) 

Since finding the closed-form optimal solution to (46) is not easily tractable, we propose an 

iterative algorithm to effectively solve (46). The basic idea of the iterative algorithm is to 

alternatively optimize PA or RL with RL or PA fixed. With the results in subsection 4.1 and 

4.2, the iterative optimization procedure can be summarized in Table 1. 

 
Table 1 Procedure of solving problem (46) 

1. Initialize 
0 0 0, ,a b rp p p and 0d randomly. Calculate the cost function 0c in (46). Set 0m 

and the tolarence  . 

2. Calculate the PA 
1 1,m m

a bp p 
and

1m

rp 
with fixed md  by using (38)-(40). 

3. Calculate the RL 1md  with fixed 
1m

kp 
( , ,k a b r ) by using (45). 

4. Calculate the cost function 1mc  . If 1m mc c    , stop iterating; otherwise, go to step 

2. 

 

Let the value of c  be 
2

nc (
3

nc ) after calculation of step 2 (3) in the n th iteration. Since 

c  is decreased with step 2 (3) in each iteration, we have the following sequence 

 0 1 1 2 2

2 3 2 3c c c c c      (47) 

By combing (47) and 0c  , it is shown through the monotonic boundary sequence theorem 

that the algorithm in Table 1 is convergent [33]. As verified in section 5, the joint 

optimization algorithm converges to a stable point within a reasonable number of iterations. 

5. Simulation Results and Discussions 

In this section, Monte Carlo simulation results are presented to verify the analytical results. 

In all simulations, we set 5th  , 1a bd d  , 4v  and 610  . The SNR in all figures 

equals to total transmitting power p . The modulation type in the simulations is quadrature 

phase shift keying (QPSK). 
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(a): Case 1                              (b): Case 2 

  
(c): Case 3                             (d): 2N   

Fig. 2 Outage probability of the AF TWRS with max-min RS. 5, 0.5a bJ d d   . 

Case 1:
11 , 0.6 , 0.2 , 0.2a b rp p p p p p    ; Case 2:

2 1, 0.2 , 0.6 , 0.2a b rp p p p p p     ;  

Case 3: 
1 21 , 0.1 , 0.1 , 0.8a b rp p p p p p       

Fig. 2 shows the simulated, lower bound and asymptotic results of outage probability 

with 5J   for three cases. As observed from Fig. 2 (a)-(c), the numerical results of lower 

bound are close to the simulated results of the worse direction from medium to high SNR, 

which verifies the correctness of (7). Since the system works at medium or high SNR region 

at most times, this lower bound (7) provides guidelines for system design and optimization in 

practice. With further inspection on Fig. 2 (a)-(c), it is shown that the lower bound 

excellently matches the simulated results at very low SNR (e.g., 0dB ) and high SNR (e.g., 

30dB ), which can be explained as follows: i) at very low SNR, the instantaneous SNRs at 

the two source nodes are so small that their upper bounds obtained through (9) and 

   min ,xy x y x y  are still small than the predefined threhold 
th ; ii) at high SNR, the 

approximation error in (9) is very small, and can be ignored [26]. Furthermore,  min ,x y is 

a quite good approximation of  xy x y  at high SNR. For example, 
,a i can be written as 

2 2 2 2

,a i e X Y X Y   
 

, where  r a re p p p  ,   ,a r a iX p p h  and ,b b iY p h . 

Here, X and Y are Gaussian distributed random variables. As the SNR increases, the 
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variances of X and Y increase, which leads to relatively large X Y at most times, and 

implies that the approximation error can be neglected for X Y or Y X . One can also 

observe from this Fig.2 (d) that the asymptotic curves are in agreement with the simulated 

results at high SNR, which validates the accuracy of (15). For comparison, we also plot the 

outage probability curves with 1N  . It is seen that the outage probability curves have larger 

decreasing speed as N  becomes larger, i.e., the diversity order increases with N  

increasing. This phenomenon demonstrates the benefits of employing multiple relays to 

assist transmission, and the effectiveness of max-min relay selection. 

  
(a): Case 1, 0,5J                       (b): Case 2 and 3, 5J   

Fig. 3 Average SER of the TWRS with max-min RS. 2N  , 0.5a bd d  .  

Case 1: 
11 , 0.6 , 0.2 , 0.2a b rp p p p p p    ; 

Case 2: 
2 1, 0.2 , 0.6 , 0.2a b rp p p p p p     ;  

Case 3: 
1 21 , 0.1 , 0.1 , 0.8a b rp p p p p p       

Fig. 3 plots the simulated and analytical results of average SER. As can clearly be seen 

from this figure, the asymptotic expression (21) approximates the simulated average SER of 

the worse direction quite well at high SNR region. It is noted from Fig. 3 (a) that the 

direction 
b i aT R T  has worse performance since it has 

b ap p . It is observed from Fig. 

3 (b) that the direction b i aT R T   still has larger average SER (Case 3), although both 

sources have the same transmitting power. This is due to the asymmetric fading of both hops, 

i.e., it has a relatively higher probability to obtain 
2 2

, ,a i b ih h  with 0J  . For 

comparison, the average SER curves with 0J   are also presented in Fig. 3 (a). We can 

observe that the curves with 0J   have worse performance than those with 5J  , which 

illustrates the positive impact of Rician factor. This observation also validates the analysis of 

Rician factor, presented in subsection 3.2. 
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(a): Case I, outage probability               (b): Case II, outage probability 

  
(c): Case III, outage probability                  (d) Average SER 

Fig. 4 Performance of the PPA and EPA schemes in the TWRS with max-min RS. 2, 5N J  . 

Case I:  
2

2 3 , 0.1, 0.9a bd d     ; Case II:  
2

2 3 , 0.9, 0.1a bd d     ; 

Case III:    
2 2

2 3 2 3 , 0.8, 0.2a bd d      . 

Fig. 4 presents the outage probability and average SER under equal PA (EPA,

/ 3a b rp p p p   ) and the proposed PA (PPA) schemes. We can see from Fig. 4 (a)-(c) 

that the lower bound excellently approximates the simulated results in the whole SNR region. 

This is due to the extremely asymmetric fading powers of both hops (because 
ad  

and 
bd

are highly asymmetric). The values of 
ad and 

bd  in this simulation will lead to 1x  (or 

1y  ) and large x y  at most times, and hence the lower bound based on 

   1xy x y xy x y     and    min ,xy x y x y 
 
is in excellent agreement with the 

simulated results in this scenario. It is obvious from Fig. 4 (a)-(d) that the PPA scheme 

outperforms the EPA scheme for three typical   values. For example, it is seen from Fig. 4 

(a) that about 5dB  SNR gain is attained for case I when outage probability equals to 310 . 

Interestingly, we find from Fig. 4 (a)-(c) that the PPA scheme lead to comparable 

performance of the two directions a i bT R T  and b i aT R T  . With further inspection 

on Fig. 4 (a), it is seen that the outage probability of a i bT R T   is slightly larger than 
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that of 
b i aT R T   when PPA is performed, which verifies the analysis in section 4.1, i.e., 

the optimum value is achieved with 
2 1  (

b r ap p p  ). When 
2 1  , the worse direction 

corresponds to 
a i bT R T  (seen from the proof of proposition 1). It is also noted from Fig. 

4 (d) that the performance for case I is worse than those for case II, III. This phenomenon is 

due to the limited channel quality of relays to 
bT  links. In other words, the channels 

between relays and 
bT  undergo Rayleigh fading, and the distance between relays and 

bT  is 

relatively large for case I, which leads to worse channel quality of relays to 
bT  links. It is 

also observed that the performance for case III is better than case I, II. This phenomenon 

indicates that the channel qualities of both hops should be balanced. Thus,   performs as 

the indicator of channel balance between both hops. To get better performance,  should not 

be too large or small. By further observation, it is seen that   is relatively balanced (case 

III in Fig. 4 (d) ) when the distances of both hops are not balanced ( 0.8, 0.2a bd d  ). This 

is due to the asymmetric fading of both hops. 

 
Fig. 5 Simulated outage probability and average SER of the TWRS with max-min RS.  

2N  , 25SNR dB . Case 1: 11 , 0.6 , 0.2 , 0.2a b rp p p p p p    ; 

Case 2: 2 1, 0.2 , 0.6 , 0.2a b rp p p p p p     ;  

 Case 3: 1 21 , 0.2 , 0.2 , 0.6a b rp p p p p p       

In Fig. 5, we plot the outage probability (OP) and average SER (ASER) of the worse 

direction as a function of d . It is seen that the optimum performances for 2, 5N J   

attained at * 0.82,0.64,0.74d   under case 1, 2, 3, respectively, are in fine agreement with 

the derived result of (45). It is observed that all the optimum relay distances d  for case 1, 2, 

3, are larger than 0.5 , which is caused by the Rician fading between relays and 
aT . This 

demonstrates that the relays should be located near 
bT  to achieve channel quality balance 

over mixed Rician and Rayleigh fading channels. To further illustrate the benefit of channel 

quality balance, we also plot the outage probability curve with 0J   for case 3, which 

attains the optimum value at 0.5d  . Since both 
aT  and 

bT  transmit the same power ( 0.2p ) 

and the channels of both hops undergo Rayleigh fading ( 0J  ), the relays should be 

deployed at the medium location ( 0.5d  ) to achieve balance. 
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Fig. 6 Convergence behavior of the proposed iterative algorithm (Table 1), 20SNR dB  

Fig. 6 illustrates the convergence behavior of the iterative algorithm presented in Table 1. 

The curves in Fig. 6 are obtained by initiating 0 0 0 3a b rp p p p    
and 0.5d  . It is found 

from this figure that the iterative algorithm converges within a reasonable number of 

iterations, which verifies the analysis in section 4.3. 

  
(a): 5J                                    (b): 10J   

Fig. 7 Simulated performance comparison of separate PA optimization , separate RL optimization and 

joint PA and RL optimization 

Fig. 7 shows the simulated outage probability and average SER of the worse direction 

with separate PA optimization, separate RL optimization and joint PA and RL optimization. 

It is found from Fig. 7 that the separate RL optimization performs better than separate PA 

optimization, which coincides with the results in [19][20]. As expected, the joint PA and RL 

optimization algorithm attains larger performance gain than both separate PA and RL 

optimization, which verifies the effectiveness of algorithm presented in Table 1. 

6. Conclusions 

In this paper, we have investigated the AF TWRS with max-min relay selection in terms of 

outage probability and average SER. In particular, we considered the mixed Rician and 

Rayleigh fading channels, which could include the symmetric Rayleigh fading as a special 

case. We have derived a tight lower bound for the outage probability, which was applicable 
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for any transmitting powers at relays and sources. Simulation results have shown that this 

lower bound was quite tight at practical SNR values, which indicated that this lower bound 

could provide guidelines for system design in practice. The asymptotic outage probability 

and average SER expressions were also derived to reveal that the system with max-min relay 

selection could achieve full diversity order. The correctness of the asymptotic expressions 

has been validated by simulation results. Based on the derived expressions, we have studied 

the separate PA and RL optimization problems with aim to minimize both outage probability 

and average SER. An iterative joint PA and RL optimization algorithm was aslo proposed to 

further improve the system performance. We have shown through Monte Carlo simulations 

that the proposed separate PA scheme provided substantial performance enhancement as 

compared to the equal PA scheme. The effectiveness of optimal RL solution with PA fixed 

and joint PA and RL optimization algorithm have also been proven by simulation results. 
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