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Abstract 

 
In this paper the problem of massive multiple input multiple output (MIMO) channel 
estimation with sparsity aware adaptive algorithms for 5th generation mobile systems is 
investigated. These channels are shown to be non-stationary along with being sparse. 
Non-stationarity is a feature that implies channel taps change with time. Up until now most of 
the adaptive algorithms that have been presented for channel estimation, have only considered 
sparsity and very few of them have been tested in non-stationary conditions. Therefore we 
investigate the performance of several newly proposed sparsity aware algorithms in these 
conditions and finally propose an enhanced version of RZA-LMS/F algorithm with variable 
threshold namely VT-RZA-LMS/F. The results show that this algorithm has better 
performance than all other algorithms for the next generation channel estimation problems, 
especially when the non-stationarity gets high. Overall, in this paper for the first time, we 
estimate a non-stationary Rayleigh fading channel with sparsity aware algorithms and show 
that by increasing non-stationarity, the estimation performance declines. 
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1. Introduction 

Channel estimation is a necessary part of every modern communication system [1]–[6]. In 
this task the aim is to estimate the taps of an unknown channel vector that can be modeled with 
various features. If a large number of the channel weigh vector entries are zero, and only a few 
of these entries have non-zero values, we call this as sparse channel [7]–[11]. 
In several papers including [12]–[16]  the estimation of a sparse channel have been mentioned. 
However, a more detailed definition of channel model is needed for precise evaluation of 
channel estimation algorithms and methods. Wireless communication channels are usually 
realized with fading models due to the presence of multiple scatters. Some of these fading 
channel models are non-stationary [17][18]. This means that the values and statistical 
characteristics of their weights vary with time. 
Newly immerging 5th generation (5G) [19]–[23] mobile platforms are known to use multiple 
input multiple output (MIMO) system in order to increase the costumer bandwidth 
dramatically. In these systems all users utilize several antennas to send and receive data from a 
massive MIMO base station. The channels appointed to these systems have two important 
features that are described as follows: The first feature is sparsity. Channels in massive MIMO 
systems are sparse due large channel bandwidths [19], [24], [25]. The second feature is 
non-stationarity. Measurement of vehicle-to-vehicle channels has proved that the stationary 
gap of channels between vehicles driving in opposite directions can be very short especially 
when they use MIMO antenna systems. Therefore, research of non-stationary channel 
modeling has gradually become a hot research topic especially for high-mobility scenarios that 
are expected to be typical scenarios for the 5G wireless communication systems. It can be 
concluded that the channels of 5G mobile systems are both sparse and non-stationary. 
Therefore we need to design and present algorithms that can handle sparsity and 
non-stationarity at the same time.   
Although there have been considerable effort in designing and testing new adaptive algorithms 
for sparse channel estimation and sparse system identification, very few researchers [26] have 
considered non-stationarity along with sparsity. Thus, the search for a suitable algorithm that 
is resilient to both sparsity and non-stationarity is still on. In order to explain the course of 
evolution for our proposed algorithm, here we briefly survey some of recently proposed 
sparsity aware algorithms. 
First of all the zero-attracting LMS (ZA-LMS) and reweighted ZA-LMS (RZA-LMS) 
algorithms had been proposed in [27] specially for sparse system identification and from that 
time, almost all newly presented sparsity aware algorithms have shared the penalty terms of 
these algorithms. Next in [28] the normalized versions of these algorithms namely ZA-NLMS 
and RZA-NLMS have been investigated and they had reasonable results in sparse system 
identification considering their higher complexity in comparison with non-normalized 
versions. The authors of [29][30] have introduced sparsity aware least mean square (LMF) 
algorithm to sparse system identification by adding 𝑙1 norm penalty to its cost function. In [31] 
the sparsity aware version of least-mean mixture-norm (LMMN) algorithm has been presented. 
Next in [14][30][32] the least mean square/fourth (LMS/F) algorithm has been used in sparse 
channel estimation. Finally, Correntropy-induced metric based least-mean mixture-norm 
LMMN (CIM-LMMN) algorithm [33] and the soft parameter function penalized normalized 
maximum correntropy criterion (SPF-NMCC) algorithm [34] have been presented that had 
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better performance in sparse system identification in comparison with the family of LMS/F 
algorithms with the cost of more computational complexity. All of these algorithms have great 
performances for sparse systems, but none of these algorithms have been specially designed 
for non-stationary channel estimation. Therefore we searched the literature of adaptive 
algorithms and found that in [35] a variable threshold LMS/F (VT-LMS/F) algorithm had been 
proposed that had better performance in non-stationary conditions. By applying sparsity 
constrain to its cost function 2 new sparsity and non-stationarity aware algorithms namely 
VT-ZA-LMS/F and VT-RZA-LMS/F are proposed in this paper. Our simulations showed a 
better performance with these algorithms for 5th generation non-stationary channel estimation. 
The remainder of this paper is organized as follows: Section II introduces the methodology of 
modelling sparse fading channels. In Section III some relations of previously presented 
algorithms are surveyed in order to present our proposed algorithms. In section IV the 
thorough simulation results are presented for different levels of sparsity and non-stationarity. 
Finally, the conclusion is given in Section V. 

2. Problem Statement 
As mentioned in the introduction part, the non-stationarity have not been considered in 
recently published channel estimation papers and only sparsity have been studied. However, 
for modeling a 5G wireless channel both of these features are needed. For a channel to be 
non-stationary, its producing model must be time varying. Therefore, the desired tap weights 
of our simulations in this paper are produced according to the non-stationary Clarke's model 
for Rayleigh fading [17] with the following relation: 

                                         ℎ(𝑡) = 1
√𝐾
∑ exp[𝑗(2𝜋𝑓𝑑𝑡𝑐𝑜𝑠𝛼𝑘 + 𝜙𝑘)]𝐾
𝑘=1                     (1) 

where 𝐾 is the number of propagation paths, 𝑓𝑑  is the maximum Doppler frequency (that 
represents the relative speed of transmitter and receiver) and 𝛼𝑘 and 𝜙𝑘 are the angle of arrival 
and initial phase of 𝑘th propagation path, respectively. Both of these angles are uniformly 
distributed over [−𝜋,𝜋) for all 𝑘 and they are mutually independent. For discretization, it is 
suggested to replace 𝑡 with 𝑛𝑇𝑠, where 𝑇𝑠 is the sampling period. At each instant, we insert 
discrete values of this non-stationary fading model to the sparse channel vector 𝒉(𝑛) and 
therefore a non-stationary sparse channel vector is obtained with a few non-zero and time 
varying elements.   

             𝒉(𝑛) = [ℎ0(𝑛) 0 0 0 0 …  ℎ𝑖(𝑛) 0 0 0 … ℎ𝑀−1(𝑛)]′   (2) 

 

where 𝑀 is the size of channel vector. The probability distribution function (PDF) of non-zero 
channel coefficients of this vector follows a Rayleigh model as in Fig. 1. 
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Fig. 1. PDF of non-zero channel coefficients. 

The degree of non-stationarity of this channel vector is determined by the values of Doppler 
frequency and sampling period. It can be expected that as the degree of non-stationarity gets 
higher and the channel vector changes more rapidly in time, the estimation performance of 
adaptive algorithms to track this channel degrade. Our purpose is to estimate the time varying 
𝒉(𝑛) vector using the noisy observations 𝑑(𝑛) and input vector 𝒙(𝑛) that relate to each other 
using the following relation: 

                   𝑑(𝑛) = 𝒉𝑇(𝑛)𝒙(𝑛) + 𝑧(𝑛)      (3) 

where 𝑧(𝑛) is the plant noise that is assumed to be Gaussian with zero mean and variance of 
𝜎𝑛2. This can be seen in Fig. 2.  

 
Fig. 2. Sparse+non-stationary channel estimation with adaptive algorithms. 

 

In order to evaluate the performance of adaptive filters in tracking the non-stationary and time 
varying channel weights an appropriate error criteria must be used that depends on the 
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differences between actual and estimated weights. For this reason in this paper, the 
performance evaluation is based on the Mean Square Deviation (MSD) criteria given by: 

                 Average 𝑀𝑆𝐷 �𝒉�(𝑛)� = 𝔼��𝒉(𝒏) − 𝒉�(𝑛)�
2
�                           (4) 

where 𝔼{⋅} denotes statistical expectation and ‖. ‖2 is used for showing Euclidean norm. It is 
important to mention that in this paper for the first time, the estimation of a non-stationary 
Rayleigh fading channel with sparsity aware algorithms is performed and the results are going 
to show that by increasing non-stationarity, the estimation performance declines.  

3. Our Proposed Algorithms 
As mentioned earlier, in this paper we only considered the family of LMS/F algorithms 
because of their reasonable performance and low computational complexity. The traditional 
LMS/F algorithm have been designed with respect to least mean square and forth criterion and 
the updating relation of this algorithm can be given as: 

                                𝒉�(𝑛 + 1) = 𝒉�(𝑛) + 𝜇𝒙𝑇(𝑛) 𝑒3(𝑛)
𝑒2(𝑛)+𝑉𝑡ℎ

     (5) 

where 𝒉�(𝑛) = �ℎ�0(𝑛), … ,ℎ�𝑖(𝑛), … ,ℎ�𝑀−1(𝑛)  �
𝑇

 is the estimated vector by proposed 
algorithms, 𝑒(𝑛) is the error and 𝑉𝑡ℎ is a treshold value. The LMS/F algorithm enjoys the 
overall advantages of LMS and LMF algorithms and it has been shown to have better 
performance than both of these algorithms. But in spite of this fact, the LMS/F algorithm has 
not been specially designed for non-stationary systems. 
In [35] a new version of LMS/F algorithm is proposed with variable threshold and it was 
proven to be robust against non-stationary systems. The update relation of this variable 
threshold LMS/F (VT-LMS/F) algorithm is: 

                     𝒉�(𝑛 + 1) = 𝒉�(𝑛) + 𝜇𝒙𝑇(𝑛) 𝑒3(𝑛)
𝑒2(𝑛)+𝑉𝑡ℎ(𝑛)

         (6) 

where the threshold is time varying like the system weights and it can be obtained at each step 
using the following relation:  

                              𝜎(𝑛 + 1) = 𝜆𝜎(𝑛) + (1 − 𝜆)|𝑒(𝑛)|               (7) 

                        𝑉𝑡ℎ(𝑛 + 1) = 5(𝜎(𝑛 + 1))2               (8) 

where 𝜆 is a constant set to 0.9995 in our simulations. Other parameters of this algorithm are 
determined using tryouts in the simulation part. The argument for choosing these update 
relations is that LMS algorithm has been shown to have a reasonable misadjustment 
performance in non-stationary variable tracking [35]. For LMS/F algorithm to have a similar 
performance as LMS, we must select 𝑉𝑡ℎ = 5𝔼{𝜎𝑛2} , but as we do not have any prior 
knowledge about the plant noise 𝑧(𝑛), the IIR estimated value of 5𝔼{|𝑒(𝑛)|}2 is considered to 
be a way to approximate 5𝔼{𝜎𝑛2}. In equations (7) and (8), 𝜎(𝑛) is the standard IIR estimator 
for 𝔼{|𝑒(𝑛)|}. 

3.1 ZA-LMS/F Algorithm 
For an algorithm to be sparsity aware and converge faster to sparse systems, a zero attracting 
penalty term must be added to it [27]. The ZA-LMS/F algorithm has been constructed by 
introducing the 𝑙1 norm of the weight vector to the cost function of LMS/F algorithm in [30]:  
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                           𝐺𝑍𝐴−𝐿𝑀𝑆/𝐹(𝑛) = 1
2
𝑒2(𝑛) − 1

2
𝑉𝑡ℎ ln(𝑒2(𝑛) + 𝑉𝑡ℎ) + 𝜌𝑍𝐴�𝒉�(𝑛)�1 (9) 

where 𝜌𝑍𝐴  is a regularization parameter and ‖. ‖1  denotes 𝑙1  norm operation. The update 
relation of ZA-LMS/F algorithm is given by: 

            𝒉�(𝑛 + 1) = 𝒉�(𝑛) + 𝜇 𝜕𝐺𝑍𝐴−𝐿𝑀𝑆/𝐹(𝑛)
𝜕𝒉�(𝑛) = 𝒉�(𝑛) + 𝜇 𝑒3(𝑛)𝒙(𝑛)

𝑒2(𝑛)+𝑉𝑡ℎ
+ 𝛾𝑍𝐴𝑠𝑔𝑛 �𝒉�(𝑛)�       (10) 

where 𝛾𝑍𝐴 = 𝜇𝜌𝑍𝐴 and the 𝑠𝑔𝑛(. ) function is given by: 

                𝑠𝑔𝑛 �𝒉�(𝑛)� = �
1,          ℎ�𝑖(𝑛) > 0
0,          ℎ�𝑖(𝑛) = 0
−1,       ℎ�𝑖(𝑛) < 0

�             (11) 

Here it is useful to compare the update relation of ZA-LMS/F algorithm with that of simple 
ZA-LMS algorithm which is used and compared in the channel estimation simulations of this 
paper: 

 𝒉�(𝑛 + 1) = 𝒉�(𝑛) + 𝜇 𝜕𝐺𝑍𝐴−𝐿𝑀𝑆(𝑛)
𝜕𝒉�(𝑛) = 𝒉�(𝑛) + 𝜇𝑒(𝑛)𝑥(𝑛) + 𝛾𝑍𝐴𝑠𝑔𝑛 �𝒉�(𝑛)�        (12) 

Notice the difference between the powers of 𝑒(𝑛) in these two algorithms. 

3.2 RZA-LMS/F 
In order to improve the sparsity awareness in comparison with ZA-LMS/F algorithm, the 
RZA-LMS/F algorithm has been introduced by the following cost function:  

    𝐺𝑅𝑍𝐴−𝐿𝑀𝑆/𝐹(𝑛) = 1
2
𝑒2(𝑛) − 1

2
𝑉𝑡ℎ ln(𝑒2(𝑛) + 𝑉𝑡ℎ) + 𝜌𝑅𝑍𝐴 ∑ 𝑙𝑜𝑔�1 + �𝒉�(𝑛)�/𝜀�𝑁−1

𝑖=0    (13) 

The update relation of this algorithm is given by: 

             𝒉�(𝑛 + 1) = 𝒉�(𝑛) + 𝜇 𝜕𝐺𝑅𝑍𝐴−𝐿𝑀𝑆/𝐹(𝑛)
𝜕𝒉�(𝑛) = 𝒉�(𝑛) + 𝜇 𝑒3(𝑛)𝒙(𝑛)

𝑒2(𝑛)+𝑉𝑡ℎ
+ 𝛾𝑅𝑍𝐴

𝑠𝑔𝑛�𝒉�(𝑛)�

1+𝜀�𝒉�(𝑛)�
      (14) 

where 𝛾𝑅𝑍𝐴 = 𝜇𝜌𝑅𝑍𝐴/𝜀 and 𝜀 is the shrinkage control parameter. If a coefficient of system or 
channel vector is close to 1/𝜀, the zero attracting effect is high on this coefficient. However, if 
|ℎ𝑖(𝑛)| ≫ 1/𝜀 the zero attraction will have a lesser effect on this coefficient. Again, the 
update function of RZA-LMS/F algorithm is compared with that of simple RZA-LMS in order 
to confirm the differences: 

   𝒉�(𝑛 + 1) = 𝒉�(𝑛) + 𝜇 𝜕𝐺𝑅𝑍𝐴−𝐿𝑀𝑆(𝑛)
𝜕𝒉�(𝑛)  = 𝒉�(𝑛) + 𝜇𝑒(𝑛)𝑥(𝑛) + 𝛾𝑅𝑍𝐴

𝑠𝑔𝑛�𝒉�(𝑛)�

1+𝜀�𝒉�(𝑛)�
      (15) 

Both ZA-LMS/F and RZA-LMS/F algorithms have been shown to have better performances 
than their LMS counterparts do in [36]. 
 

3.3 Our proposed algorithms 
For the non-stationary case, it is necessary to adjust the 𝑉𝑡ℎ  parameter according to the 
variations of the unknown 5G channel vector. All of other adjustments of parameters have 
been taken into the consideration for RZA-LMS/F and ZA-LMS/F algorithms in [36]. Our 
contribution in this paper is to design an algorithm that is powerful against channel 
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non-stationarities along with sparsity. Here our proposed algorithms are given by replacing 
𝑉𝑡ℎ with 𝑉𝑡ℎ(𝑛): 
First the Variable Threshold ZA-LMS/F (VT-ZA-LMS/F) algorithm is presented with update 
relation as: 

             𝒉�(𝑛 + 1) = 𝒉�(𝑛) + 𝜇 𝑒3(𝑛)𝒙(𝑛)
𝑒2(𝑛)+𝑉𝑡ℎ(𝑛)

+ 𝛾𝑍𝐴𝑠𝑔𝑛 �𝒉�(𝑛)�           (16) 

The second proposed algorithm is the Variable threshold RZA-LMS/F (VT-RZA-LMS/F) 
algorithm with update relation as: 

                𝒉�(𝑛 + 1) = 𝒉�(𝑛) + 𝜇 𝑒3(𝑛)𝒙(𝑛)
𝑒2(𝑛)+𝑉𝑡ℎ(𝑛)

+ 𝛾𝑅𝑍𝐴
𝑠𝑔𝑛�𝒉�(𝑛)�

1+𝜀�𝒉�(𝑛)�
          (17) 

In both of these algorithms 𝑉𝑡ℎ(𝑛) is obtained using (7) and (8). These two algorithms are both 
robust to channel sparsity and non-stationarity of 5G systems. In simulation part it is shown 
that the convergence rate of these algorithms are higher than all recently proposed algorithms. 
In order to show the superiority of these algorithms, we changed the degree of non-stationarity 
in our simulations and showed that for highly non-stationary channels, the estimation 
performances of our proposed algorithms become more significant.  

3.4 Computational complexity analysis 
In order to prove the eligibility of proposed algorithms, their computational complexity must 
be compared with other introduced sparsity aware algorithms. It can be expected that for more 
advanced algorithms (like variable threshold algorithms with extra threshold adjustment 
relations), the computational complexity becomes higher, but it is important to show that this 
raise in complexity reconcile with higher performance. It is commonplace [34] to present 
complexity with respect to the size of unknown sparse vector (𝑀) and the number of non-zero 
elements of this vector (𝐾). The complexity of analyzed algorithms in this paper are given in 
Table 1. 

Table 1. The computational complexity of introduced adaptive algorithms 

algorithms Additions Multiplications Divisions 

LMS 2M 2M+1 - 

ZA-LMS M+3K M+3K+1 - 

RZA-LMS M+4K M+4K+1 M 

LMS/F 2M+1 2M+4 1 

ZA- LMS/F M+3K+1 M+3K+3 1 

RZA- LMS/F M+4K+1 M+4K+4 M+1 

VT-LMS/F 2M+3 2M+8 1 

VT-ZA- LMS/F M+3K+3 M+3K+7 1 

VT-RZA- LMS/F M+4K+3 M+4K+8 M+1 
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As it can be seen, the computational complexity of our proposed variable threshold algorithms 
are slightly higher than their fixed threshold counterparts, but in simulation part it will be 
shown that this raise in computational complexity results in noticeable performance 
improvements in non-stationary cases. 

4. Simulation Results 
Here our simulation results are given, but first the numerical values of constants in the 
analyzed algorithms are presented. The step size 𝜇 for all algorithms is considered to be 
between 0.014 and 0.017. The 𝜆 parameter in (7) is set to 0.9995. 𝜌𝑍𝐴 is equal to 0.0004 and 
𝜌𝑅𝑍𝐴 is 0.04. Also 𝜀 = 10. The Doppler frequency shift is assumed to be between 10-30 Hz. In 
addition, sampling period considered between 10−6 to 10−3 seconds. It should be noted that 
as these two values get higher, the degree of non-stationarity increases and therefore the 
convergence of algorithms accompany ripples. All given results are averaged through 20 
simulations. This averaging can make smoother curves for error performances. However, for 
non-stationary case, the averaging cannot eliminate the aforementioned ripples.   
First, the performance of several algorithms including our proposed variable threshold 
schemes is compared in estimating a weakly non-stationary (or almost stationary) Rayleigh 
fading channel. In order to produce the sparse, time varying channel a 16 × 3000 matrix is 
considered. Only the first and third rows of this matrix are considered to be occupied with 
Rayleigh channel values that are produced using (1). At each iteration, only one column of this 
matrix is inserted to assumed algorithm. The values of 𝑇𝑠 and 𝑓𝑑 are 10−6 Hz and 10 Sec, 
respectively. In this case, the amplitude of channel weights in the first and third row, change 
very slowly through the simulation iterations as in Fig. 3. 
 

 
 

Fig. 3. The change of non-zero weight amplitudes through 3000 iterations for weakly non-stationary 
case. 

 
The performance of analyzed algorithms in this condition is given in Fig. 4. In this Figure, we 
sampled error values in 3000 iterations and only presented the results at each 200 iterations. In 
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this case, only 11 samples are presented. The cause of this sampling is firstly because of the 
distinguishability of algorithm performances and secondly because of channel non-stationarity 
which is clearer in Fig. 7.  

 

 
 

Fig. 4. Sampled performance comparison of various algorithms in estimating a weakly non-stationary 
sparse channel. 

 

 
 

Fig. 5. The change of non-zero weight amplitudes through 3000 iterations for highly non-stationary 
case. 
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It can be seen that the performance of RZA-LMS/F algorithm is better than VT-ZA-LMS/F in 
weakly non-stationary and sparse channel estimation and VT-RZA-LMS/F algorithm prevails 
all considered algorithms. 
Secondly the non-stationarity value is raised to show the performance degradation of highly 
time varying channels. For this case, the values of 𝑇𝑠 and 𝑓𝑑 are assumed to be 10−4 Hz and 
30 Sec, respectively. In this case, the channel weights in the first and third row change rapidly 
through iterations (like in a true 5G system) and this is shown in Fig. 5. 

The performance on this highly non-stationary scenario where 𝑓𝑑 is equal to 30 Hz and 𝑇𝑠 is 
10−4 Sec, is presented in Fig. 6. Again, we sampled error values at each 200 iterations and 
only presented the results for 11 points. The performance degradation off all algorithms should 
be noted in this case. 
 

 
 

Fig. 6. Sampled performance comparison of various algorithms in estimating a highly non-stationary 
sparse channel.  

 
When the non-stationarity rises, the performance of VT-ZA-LMS/F gets better than 
RZA-LMS/F algorithm that is not designed for this condition. Here in Fig. 7, the results 
without sampling of error values are presented in all iterations for showing the effect of rapid 
channel changes on the performance of adaptive filters. It is important to mention that the 
presented replicas cannot be deleted by averaging several simulations because the produced 
ripples are intrinsic to the channel. 
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Fig. 7. Performance comparison of various algorithms in estimating a highly non-stationary sparse 
channel for 3000 iterations. 

 
 
Finally, the results of our last simulation is presented in Fig. 8. In this simulation, we change 
the level of sparsity (which may happen in a 5G system) in a highly non-stationary case 
(𝑓𝑑 = 30 Hz and 𝑇𝑠 = 10−4 Sec) in order to show the superiority of presented algorithms. 
This simulation consists of 1800 iterations, in the first 600 iterations it is assumed that only 
one row of channel matrix have values and changes with time (highly sparse). In the second 
600 iterations, it is assumed that 3 rows of 16 rows have non-stationary values. In addition, in 
the third 600 iterations, it is assumed that all even rows of the channel matrix have values 
(weakly sparse). As we can see in Fig. 8, it is important to mention that as the number of 
non-zero rows grow, the performance of algorithms degrade because they need to track more 
non-stationary channel values. Also as the system is highly non-stationary the performances of 
variable threshold algorithms are better in all 3 cases. 
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Fig. 8. Performance comparison of various algorithms in estimation of a channel with variable sparsity 
and non-stationarity. 

5. Conclusion 
In this paper, we showed that the non-stationarity is an important feature of channels in 5th 
generation mobile systems along with sparsity that can degrade their estimation performance 
with adaptive algorithms. Therefore, in this paper we modeled a sparse Rayleigh fading 
channel and proposed two enhanced versions of sparsity aware LMS/F algorithm family 
namely, variable threshold RZA-LMS/F and variable threshold ZA-LMS/F to improve 
non-stationary channel estimation performance. The robustness of proposed algorithms were 
tested in several simulations with different levels of sparsity and non-stationarity and the 
results showed that in all conditions, the VT-RZA-LMS/F algorithm is a reliable choice. In 
future works we will test new sparsity aware variable step-size adaptive algorithms in 
non-stationary channel estimation in order to find other suitable choices for this task.  
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