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Abstract 
 

Spectral clustering has become one of the most popular clustering approaches in recent years. 
Similarity graph constructed on the data is one of the key factors that influence the 
performance of spectral clustering. However, the similarity graphs constructed by existing 
methods usually contain some unreliable edges. To construct reliable similarity graph for 
spectral clustering, an efficient method based on Markov random walk (MRW) is proposed in 
this paper. In the proposed method, the MRW model is defined on the raw k-NN graph and the 
neighbors of each sample are determined by the probability of the MRW. Since the high order 
transition probabilities carry complex relationships among data, the neighbors in the graph 
determined by our proposed method are more reliable than those of the existing methods. 
Experiments are performed on the synthetic and real-world datasets for performance 
evaluation and comparison. The results show that the graph obtained by our proposed method 
reflects the structure of the data better than those of the state-of-the-art methods and can 
effectively improve the performance of spectral clustering. 
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1. Introduction 

Clustering, also called cluster analysis, is widely used in many research fields, including 
multimedia retrieval, pattern recognition and data mining [1-3]. Many clustering algorithms 
have been developed over the past decades. Among these algorithms, spectral clustering, as a 
promising method, has recently attracted considerable attention [4-7]. Spectral clustering 
reveals the cluster structures of data using eigenvectors of the Laplacian graph and can stably 
detect nonconvex patterns and nonlinearly separable clusters [5, 6]. It is considered as one of 
the most promising clustering techniques because of its superior performance compared to 
traditional clustering algorithms when utilized on certain challenging datasets [8]. 

Spectral clustering is a clustering method based on graph theory. Given a data set 
{ }1 2, ,= ⊂ℜ l

nv v vV , spectral clustering first constructs a similarity graph with the data as 
vertices and the similarity among the data as the weight of the edges. Then, the eigenvectors of 
a Laplacian matrix corresponding to the similarity graph is computed. Finally, clustering result 
is obtained by running a traditional clustering method (e.g., k-means) on the new data mapped 
by the eigenvectors. The objective of spectral clustering is to obtain new data that can be 
clustered more easily in the eigenspace constructed by the Laplacian matrix. Since the 
Laplacian matrix is computed in accordance with the similarity graph, the construction of the 
similarity graph plays a key role in spectral clustering. The most common similarity graph is a 
full graph in which each vertex is connected to all others. However, since the pairwise 
similarity between two faraway data points is less reliable than that between two neighbors, 
the full graph usually contains some unreliable edges that degrade the performance of spectral 
clustering. It has been shown that the sparse similarity graph can help to improve the 
performance of spectral clustering [5, 9]. Determining the neighbors is the core for 
constructing the sparse graph. Several methods for constructing sparse graphs currently have 
been proposed, with two most classical methods being k -nearest neighbor ( k -NN) and 
ε -neighborhood [4]. In a k-NN graph a vertex is only connected to its k nearest neighbors, 
whereas points whose pairwise distances (similarity) are smaller (larger) than ε are connected 
in ε-neighborhood graph. Classical sparse graphs can effectively reduce the effect caused by 
unreliable pairwise similarities from faraway vertices. However, in many cases, the pairwise 
similarities are not always accurate, especially for data with an elongated structure. Hence, 
classical sparse graphs often contain a number of unreliable relationships (an example is 
shown in Fig. 1(b)). A method based on the dominant set was subsequently proposed to 
overcome this difficulty [10]. In its graph, each vertex connects the vertices in the dominant 
set of its k -NN. For considering the affinities among the neighbors, this method is more 
robust to errors and outliers based on the pairwise similarities. However, the dominant 
neighborhood is inclined to make the local density samples condensing to an isolated clique 
from the non-uniform samples, as shown in Fig. 2(c). In addition, several methods for 
constructing graphs have been proposed for other applications. Wang et al. [11] proposed a 
graph structure method  named k-regular nearest neighbor graph and applied it to the 
manifold-ranking based retrieval framework. Li proposed the k-edge connected neighborhood 
graph, and presented two constructing methods named k-MST [12] and Min-k-ST [13, 14]. In 
[15], a method named b-matching was proposed to guarantee the number of edges of each 
vertex to be equal. Cheng et al. [16] proposed a method in which graphs are constructed using 
datum-wise sparse reconstructions of samples via 1l -norm minimization. The methods 
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outlined above are designed for different tasks, but, to the best of our knowledge there is no 
evidence to show which graph is the best for spectral clustering. Consequently, a good graph 
construction method is still needed.  

Markov random walk (MRW) can be useful for this purpose because its model has a close 
relation with graphs. Given a graph and a starting point, we can randomly select one of its 
neighbors and move to this neighbor; then, we can select this neighbor as the next starting 
point and repeat the above process. In this way, the sequence of points selected is a random 
walk on the graph. In fact, Markov chains can be viewed as random walks on a weighted graph 
[26]. Recently, the MRW model has been explored as a similarity measure and applied in 
many fields [17, 18, 21, 32, 33]. White and Smyth [27] explored average first-passage time as 
a similarity measure between vertices in the graph. Kondor and Lafferty [28] defined a graph 
regularization model that can be used to compute similarities between nodes. Newman [29] 
suggested a random-walk model to compute a “betweenness centrality” of a given node in a 
graph. Faloutsos et al. [30] extracted the “most relevant” connected subgraph relating two 
nodes of interest, based on electrical flows. Also, Palmer and Faloutsos [31] defined a 
similarity function based on random walks and electrical networks, and showed that this 
quantity provides a reasonably good measure for clustering and classifying categorical 
attributes. In [32], several other quantities, such as the average commute time and the 
pseudoinverse of the Laplacian matrix of the graph, were investigated to provide similarities 
between any pair of nodes. In addition, the transition probabilities of the MRW were used to 
define a metric among the points [17, 18]. In particular, the points are said to be more close if 
they have more similar probability distributions over all the points. The transition matrix was 
used as a smoothing kernel to improve the similarity metric [19]. Random-walk models on a 
graph have been proved effective in exploring the global relationships among the vertices.  

However, these paths with many steps are not helpful to determine neighbors. As shown in 
Fig. 1 (f), the neighbors determined by paths with 100 steps are not reliable. In view of this 
fact, this paper proposes to determine the neighbors of each vertex using only the paths in its 
neighborhood. In our proposed method, the probability of MRW after performing suitable 
steps is utilized to determine the neighbors in the sparse graph. We assume that iv  is closer to 

jv  if the t-step probability of the MRW from iv  to jv  is higher. Also, the t-step probabilities 
of the MRW are adopted to determine the k -NN in this work. Due to the robustness of the 
transition probabilities of the MRW, our proposed method can not only effectively remove the 
unreliable neighbors, but also avoid, to an extent, the condensing degradation. It should be 
noted that our proposed method is different from the method presented in [20] that uses the 
MRW to improve spectral clustering. In our method, the probability of the MRW after 
performing suitable steps is utilized to determine the neighbors in sparse graphs, whereas in 
[20] the stable state of the MRW is used as an affinity matrix. As shown in Fig. 1, the 
probability of the MRW carries different information about neighbors after different steps. 
The probability after performing suitable steps can reflect the good relations of the 
neighborhood and the stable state carries a small amount of information about neighbors. 
There is also an inherent difference between our proposed method and the method presented in 
[21]. In [21], the MRW is utilized to intuitively interpret spectral clustering. By contrast, in our 
method, the MRW is used to measure the relationships among data. 

The rest of this paper is organized as follows. The backgrounds of MRW and spectral 
clustering are reviewed in Section 2. In Section 3, we propose the construction of k-NN graph 
based on MRW. Experiment results on some datasets are presented in Section 4. Finally, some 
concluding remarks are given in Section 5. 
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2. Spectral Clustering and Markov Random Walk 

2.1 Spectral clustering 
Spectral clustering is a class of methods that is based on eigen-decomposition of graph affinity 
matrices. Given a set of data points { }1, ,=  nS x x , a weighted graph ( , )=G V E  is first 

constructed in which every vertex corresponds to a point in S  and each edge is weighted by 
the similarity between the connected points. The Laplacian graph L  [22] is then derived from 
the adjacency matrix of G , and the eigenvectors of L  are computed. Finally, the traditional 
K -means method is applied to the low-dimensional representations of the original data. Many 
spectral clustering algorithms based on the above procedures have been proposed [3-7]. 

In this paper, the Ng-Jordan-Weiss (NJW) algorithm [6] is briefly reviewed and 
summarized in Algorithm 1 for completeness. It is noted that the proposed graph can also be 
used in any other spectral clustering algorithm. 

 
Algorithm 1: NJW spectral clustering algorithm 
 

Input: Dataset { }1, ,=  nS x x  inℜl  and the number of clusters k . 

Output: k -way partition of the input data. 
Step 1: Construct an affinity matrix A using the following Gaussian kernel function: 

2

2

| | | |
exp( )        f or  ,

0                          f or  ,

i j

i j
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δ

 − −
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                         (1) 

where δ is a scale parameter to control how fast the similarity attenuates with the distance 
between the data points ix  and jx . 

Step 2: Compute the normalized affinity matrix L=D-1/2A D-1/2, where D is the diagonal 
matrix with

1=
=∑ n

ii ijj
D A . 

Step 3: Compute the k eigenvectors of L, 1 2, ,  , kv v v , which are associated with the k 
largest eigenvalues, and form the matrix 1 2[    ]=  kX v v v . 

Step 4: Renormalize each row to form a new matrix ×∈ℜn kY with 2 1/ 2( )= ∑ij ij ijjY X X , so 

that each row of Y has a unit magnitude. 
Step 5: Treat each row of Y as a point in kℜ and partition the n points (n rows) into k clusters 

via a general clustering algorithm, such as the K-means algorithm. 
Step 6: Assign the original point ix  to the cluster c  if and only if the corresponding row i 

of the matrix Y is assigned to the cluster c . 
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2.2 Markov Random Walk 
Markov chain is a discrete random process with memorylessness, in which the next state 
depends only on the current state and not on the sequence of events that preceded it. It has 
many applications, such as statistical models of real-world processes. Markov random walk 
can be seen as a Markov chain. More details about Markov random walk can be found in [23]. 

Given a sequence of random variables { ( ), 0,1, 2, }= = X X n n  and its state space 
{1, , }= E N , for 1 2 1 2, , (0 )≤ < < m mn n n n n n ， 1 2, , , ,mi i i j E∈ and t , if the 

probabilities follow: 
 

1 1 2 2{ ( ) | ( ) , ( ) , , ( )
                     = ( ( ) | ( ) }

m m m

m m m

P X n k j X n i X n i X n i
P X n k j X n i

+ = = = =
+ = =


                                (2) 

 
then, the sequence X  is called a Markov chain. The above equation formulates the Markov 
property: memorylessness. In (2), { ( ) | ( ) }, 1+ = = ≥P X n t j X n i t  is called the transition 
probabilities of the Markov chain going from the state i  at time n   to the state j  at time 
+n t , which is usually denoted by ( , )+ijp n n t . A Markov chain is said to be 

time-homogeneous if the value of ( , )+ijp n n t  is independent of the start time n . So, in a 
time-homogeneous Markov chain, the transition probability between two states depends only 
on the time interval, t , which is also called the transition step. Markov chain is assumed to be 
time-homogeneous in this paper. The probability of Markov chain from state i  to state j  
after t  steps, ( )ijp t , is denoted by ( )t

ijp . If the number of steps is one, then (1)
ijp  is abbreviated 

to ijp . The transition matrix of a Markov chain can be constructed as follows: 
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When the number of steps is larger than one, the transition matrix after t  steps is called a 

high-order transition matrix, which is represented as follows: 
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The transition matrix after t  steps can be computed using the t -th power of the one-step 
transition matrix as follows [23]: 
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From the equation (6), the t -step transition matrix ( )tP  can be easily computed once the 
one-step transition matrix is obtained. The elements of ( )tP , denoted as ( )t

ijP , represent the 
transition probability of the MRW going from state i  to j  after t  steps. The probability 
represents different meanings in different applications. In this paper, it is interpreted as the 
extent of connection among the data, as discussed in Section 3.   

3. MRW-K-NN GRAPH 
The transition probabilities of the MRW reflect the complex relations among vertices. If there 
are more paths with high weight between two vertices, the transition probability between them 
will be larger. Thus, the relationships among states carried by high-order transition 
probabilities are more reliable than those in one-step transition matrix. This observation 
motivates us to employ it to determine the neighbors of the sparse graph in spectral clustering. 
It is assumed that iv  is closer to jv  if the t-step probability of the MRW from iv  to jv  is 
higher. The proposed method comprises two main steps. First, MRW is defined on the 
classical k -NN graph, which usually contains many unreliable neighbors. Then, the new 
sparse graph is constructed based on the t -step transition probabilities of MRW. 

The robustness of the transition probabilities of MRW enables the proposed method to not only 
effectively remove unreliable neighbors, but also, to an extent, avoid the condensing degradation. The 
constructed sparse graph is called the MRW-k-NN graph. Details of the proposed method are given as 
follows. 

3.1 Definition of MRW on the common k-NN graph 

Given a data set { }1 2, ,=  nv v vV  and a similarity measure : × →ℜf V V , the common k -NN 
graph, denoted as the C-k-NNG, is constructed as follows. Each data point corresponds to a 
vertex in the graph. For each data iv , it only connects to the k  nearest points according to the 
similarity measure f. The edge between two connected vertices is weighted by their similarity. 
The affinity matrix corresponding to the C- k -NNG is defined as: 
 

           if  ( )  ( )

0                           otherwise                 

 ∈ ∈= 


ij j k i i k j
ij

s v N v or v N v
W ,                                (7) 

 
where ijs  is the similarity between iv  and jv  (i.e., ( , )i jf v v ). Here, ( )k iN v  is the set of k 
nearest neighbors of iv . 

Next, define a MRW on the C- k -NNG [4], assign the states of the random walk to its vertices, and 
define the transition probabilities between the states as functions of the weighted edges. The one-step 
transition probability matrix P  of the MRW can be obtained directly from the affinity matrix W  as 
follows: 
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where, ijP  represents the one-step transition probability of the MRW going from iv  to jv , and 
 

1
1
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n
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j
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Given the one-step transition matrix, the t -step probability matrix ( )tP  can be easily obtained by 

computing the power of P  using equation (6). The element of ( )tP , denoted as ( )t
ijP , represents the 

probability of the MRW going from iv  to jv  in t  steps. 

The one-step transition matrix of the MRW only corresponds to the first order neighborhood 
structure of the graph. On the other hand, the t -step transition probability of the MRW corresponds to 
the high-order neighborhood structure of the graph. Hence, ( )t

ijP  can effectively reflect the connection 

between two vertices, iv  and jv . ( )t
ijP  is larger if there exist more paths with larger weighted edges 

between iv  and jv , and vice versa. 

3.2 Construction of the MRW-k-NN graph 
The t-step transition probabilities are employed in this paper because they can reflect more 
reliable relationships among data. Vertex iv  is only connected to the k  neighbors with the 
largest t -step transition probabilities going from iv . The edges are weighted by ijW . The 
corresponding affinity matrix is denoted as ( )tW  and defined as follows: 
 

          
( ) ( )

( )                if  ( )

0                   otherwise      
⋅ ≥= 



t t
ij ij k it

ij
IW P P

W ,                                               (10) 

where ( )
⋅
t

iP  denotes the set containing ( )t
ijP  for 1,2, ,= j n  and ( )( )⋅

t
k iI P  denotes the k -th 

largest element in ( )
⋅
t

iP . It is worth noting that the edges in the MRW- k -NN graph are still 
weighted by W , and ( )tP is only used to determine the connected vertices. This is because the 
value of ( )t

ijP  varies with respect to the value of t  and the degree of vertex iv . Fig. 1 illustrates 
the advantages of using the MRW- k -NN in the construction of the graph. In the figure, the 
solid circle denotes the point s  and the red circles denote its neighbors. The 30 nearest 
neighbors of point s  determined by the transition probability with different values of t  are 
shown in Figs. 1(b)–(f). In Fig. 1(b), the neighbors of the point s  are determined by P , which 
is the same as the result obtained by the common k -NN method. It can be seen that its 
neighbors contain some points from other manifolds. This shows that some of the neighbors 
determined by the common k -NN method are unreliable. However, the neighbors become 
increasingly more reliable as the value of t  increases. It is worth noting that the neighbors of 
the point s  are unreliable when t  becomes very large, as illustrated in Fig. 1(f). This is 
because when t  becomes very large, the probabilities converge to a unique stationary 
distribution. Hence, they have little distinguishable information. As a result, the value of t  
plays an important role in the MRW based methods. In [17], it is suggested that the value of t  
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(a)                                         (b)                                             (c) 

(d)                                             (e)                                              (f) 

Fig. 1. The 30 nearest neighbors of the point s determined by the transition probability 
at different values of t. (a) Original data. (b) t=1. (c) t=2. (d) t=4. (e) t=6. (f) t=100. 

should be chosen according to the task. In this paper, a heuristic method is proposed for 

spectral clustering, and the value of t  is searched from 1 to 20. The value of t  minimizing the 
normalized cut [5] of the resultant clusters is chosen. 

3.3 Spectral clustering with the MRW-k-NN graph 
The MRW- k -NN graph can be constructed by following the above steps. It is easy to apply 
the proposed graph to spectral clustering by substituting the affinity matrix in Algorithm 1 
with the best ( )tW  that minimizes the normalized cut. Spectral clustering with the 
MRW- k -NN graph is described in Algorithm 2. 
 
Algorithm 2: Spectral clustering with the MRW- k -NN graph 
                                                                                                                
Input: Dataset { }1, ,=  nS x x  inℜl , the number of clusters, k , and the maximum order , 
N . 
Output: k -way partition of the input data. 
Step 1: Construct the common k -NN graph as in (7), and define the MRW on it as in (8). 
Step 2: Compute the transition matrices ( )tP ( {1,2, , })∈ t N , and obtain N  corresponding 
affinity matrices ( )tW  ( {1,2, , })∈ t N  as in (10). 
Step 3: For each ( )tW , run the NJW algorithm with ( )tW  by substituting the affinity matrix A 
in the step 1 of Algorithm 1, and obtain N clustering results tC  ( {1,2, , }∈ t N ). 
Step 4: Evaluate the normalized cut of tC ( {1,2, , }∈ t N ) and select the clustering result, 

*C , corresponding to the minimum cut as the return. 
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3.4 Complexity analysis of spectral clustering with the MRW-k-NN graph  
The difference between the new spectral clustering and the NJW algorithm (Algorithm 1) lies 
in their sparse graphs. In the proposed method, there exists a process to select the suitable 
order for the MRW. As described in Algorithm 2, we search for the best order by choosing the 
minimum cut among the N partitions. Suppose that we divide n  data points into k clusters, 
the computing complexity of the NJW algorithm is 3( )O n  and the computing complexity of 
Algorithm 2 is 3( )O Nn . In Section 4, we will show the time-consuming evaluation for the 
proposed method. In addition, the space complexity of Algorithm 2 is 2( )O n , which is the 
same as that of the NJW algorithm. 

4. Experimental Results and Analysis  
To illustrate the effectiveness of our proposed method, we conduct the experiments on several 
synthetic and real datasets. We compared three existing methods for constructing the k -NN 
graphs: the classical method [4], the method based on dominant set [10] and k -regular nearest 
neighbor graph [11]. They are denoted as the C- k -NN, DN- k -NN and R- k -NN, respectively. 
Here, the similarity measure function is defined as: 
 

           
2

2

|| ||
( , ) exp( )

δ

− −
= i j

i j

v v
f v v ,                                                      (11) 

 
where ||•|| denotes the Euclidean distance and δ  is a scale parameter that controls the rate of 
change of the similarity with the distance among the data points. There are two parameters to 
be set: the value of k  in (7) and in (10), as well as the value of δ  in (11), which will be 
discussed in the following subsections. 

 4.1 Synthetic dataset 
The synthetic dataset contains the two-half-moon data and the circle-Gaussian data, as shown 
in Figs. 1(a) and 3(a), respectively. The two-half-moon data consist of two clusters that are 
distributed with nonlinear elongated structures. There are some noises between the two 
clusters. The circle-Gaussian data comprise three clusters: two clusters in the middle with 
Gaussian distribution, and one outer cluster with a circular shape. It is worth noting that the 
circle-Gaussian data are not well separated. The points around the Gaussian clusters tend to 
connect all these three clusters. 
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Fig. 2. The sparse graphs on the two-half-moon data constructed by different methods. 
(a) The C-k-NN method [4]. (b) The R-k-NN method [11]. (c) The DN-k-NN method 

[10]. (d) Our proposed method. 
 

 (a)                                                   (b) 

   (c)                                                     (d) 

In order to have a fair comparison, the value of k  is chosen as 30 in all methods. The value 
of δ  is chosen as the mean distance between the vertices to their tenth neighbor defined, 
according to the Euclidean distance. The sparse graphs of these two synthetic data constructed 
by four different methods are shown in Fig. 2 and Fig. 3, respectively. From Fig. 2 and Fig. 3, 
it is clear that the graphs of these two datasets have common characteristics. There are some 
erroneous neighbors on the C- k -NN graph. The k nearest neighbors of some points are in 
other clusters. This violates the principle requiring that the similarities among the points in the 
same manifold should be larger than those in different manifolds. Compared with the C- k -NN 
graph, there are fewer unreliable neighbors in R- k -NN graphs. However, the performances of 
the R- k -NN graphs are worse than those of the DN- k -NN and MRW- k -NN graphs. The 
DN- k -NN graph determines the nearest neighbors well. However, the vertices in the same 
manifold are separated into several parts. This causes the DN- k -NN graphs to be unsuitable 
for applications such as spectral clustering. This deficiency can be illustrated as follows. For 
the MRW- k -NN graph, the edges connecting various vertices distributed in different 
manifolds have been significantly reduced. Also, the vertices in the same manifold are not 
disconnected. Hence, the graphs constructed by our proposed method outperform those 
constructed by the other methods. 

4.2 MNIST dataset 
We also conducted experiments on the MNIST dataset (http://yann.lecun.com/exdb/mnist/). 
This dataset consists of 10 digits with a total of 70,000 examples. Every example is a 28×28 
gray level image. These 784 pixels are used as a feature vector in the simulations, and principal 
component analysis is applied for pre-processing before computing the Euclidean distances. In 
the experiments, each subset is constructed by selecting the first 200 examples from each digit. 
To illustrate the significance of these sparse graphs, the full graph (FULL) is also included for 
the comparisons. 

The value of δ  is chosen as the local scale parameter defined in [24] and k  is chosen as 10. 
The normalized mutual information (NMI) is employed as a performance index of the 
clustering, which is widely employed to evaluate clustering results [9, 25].  Suppose X and Y 

http://yann.lecun.com/exdb/mnist/
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denote two random variables, then the NMI is defined as: 

 

NMI ( , )( , )
( ) ( )

I
H H

=
X YX Y
X Y

                                                   
        (12) 

 
where (X,Y)I  is the mutual information between X and Y, and (X)H  is the entropy of X. 
When evaluating the performance of clustering algorithms, the NMI is computed by regarding 
the clustering result and true class label as two random variables. Specifically, given a dataset 
with n points, the true classes and clustered classes are represented by },,,{ 21

l
k

ll CCC   
and },,,{ '21

h
k

hh CCC  , respectively, where k and k’ denote the number of the classes and the 
number of the true classes, respectively. The NMI is computed as: 
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NMI                                           （13） 

where l
in and h

jn denote the number of  points in l
iC  and h

jC , and ijn  denotes the number of 

points belonging to l
iC  and h

jC . The range of NMI is from 0 to 1 and larger NMI implies better 
clustering results. 

First, we constructed several subsets containing the digital groups {1, 2, 3}, {0, 5, 6}, {1, 4, 
7, 9} and {0, … , 9}. The results obtained for these subsets are shown in Fig. 4. It can be seen 
that the sparse graphs obtained by our proposed method achieved better NMIs for all the 
subsets than those obtained by other methods. Moreover, these sparse graphs of the existing 
methods achieved better results compared to the full graph (FULL), which confirms that 
sparse graphs are important. 

We also conducted simulations on the subsets comprising one pair of digits—a total of 45 
subsets (pairs). Fig. 5 shows these results. In most cases, our proposed method outperformed 

Fig. 3. The sparse graphs on the circle-Gaussian data constructed by different methods. (a) 
Circle-gauss data.  (b) The C-k-NN method [4]. (c) The R-k-NN method [11]. (d) The 

DN-k-NN method [10]. (e) Our proposed method. 

(a) 

(b)                                               (c)                                             (d)                                       (e) 
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other methods. In particular, the spectral clustering with the graphs constructed via the 
C- k -NN method, the DN- k -NN method, the R- k -NN method and our proposed method 
achieved the best results in 1, 11, 6, 6, 21 cases, respectively. The mean and the standard 
deviation of the values of NMIs of different methods on these 45 pairs are shown in Table 1. It 
can be seen from Table 1 that our proposed method obtained the highest mean and the lowest 
standard deviation of the values of NMIs. The larger mean value refers to the better spectral 
clustering performance, while the smaller standard deviation refers to the more robustness of 
the method. Thus, from Table 1 it is clear that our proposed method comprehensively 
outperforms the other three methods. 

 

 

  

Fig. 4. The results on several subsets of the MNIST dataset. 

 FULL C-k-NN DN-k-NN R-k-NN MRW-k-NN 

mean 0.6338 0.7806 0.7438 0.7827 0.8055 

standard 
deviation 0.2504 0.2359 0.2431 0.2379 0.2262 

 

Table 1. Means and standard deviations of the NMIS of the spectral 
clustering for the different graphs performed on the 45 tests. 

Fig. 5. Results for 45 subsets of the MNIST dataset 
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(a)                                     (b)                                         (c)                                      (d) 

Fig. 6. Sparse graphs constructed on the pairwise digit subsets by various methods. Graphs 
(a)-(d) are constructed on the subset {1, 2} by C-k-NN method [4], R-k-NN method [11], 
DN-k-NN method [10] and our proposed method respectively. Graphs (e)-(h) are 
constructed on the subset {1, 9} by C-k-NN method [4], R-k-NN method [11], DN-k-NN 
method [10] and our proposed method respectively. The red circles in (a) and (e) are the 
notable regions. 
 

(e)                                       (f)                                        (g)                                      (h) 

To further illustrate the effectiveness of the proposed method, we also show the sparse 
graphs on the real-world dataset. It is difficult to draw the actual graph because the samples are 
in high-dimension space; therefore, we applied principal component analysis and obtained 
graphs in the two principal dimensions, as shown in Fig. 6. In the figure, the vertices with the 
same color denote the same kind of digits, of which there are two kinds in the graphs. From the 
red circles indicating the notable regions, it can be seen that: 1) there exist many edges 
connected vertices from different digits in C-k-NN graph; 2) the other three methods, namely 
R-k-NN, DN-k-NN and the proposed method, can reduce the wrong edges to an extent, which 
can be seen in the notable regions; 3) compared with the graphs by R-k-NN and DN-k-NN, 
especially in the notable regions, more right edges and less error are found in the graph based 
on our proposed method, In general, the graph based on our proposed method is more suitable 
for spectral clustering.  

Additionally, we also examined the time consumption of these methods. Fig. 7  shows the 
computational time required for the simulations of these five methods. As expected, the time 
taken for the spectral clustering with MRW-k-NN is always approximately N (maximum order) 
times that of the spectral clustering with C-k-NN, the same as those with FULL and DN-k-NN. 
However, our proposed method takes less time than the R-k-NN method. The main reason 
more time was required for our proposed method is that the spectral clustering algorithm has to 
run repeatedly to look for the best order of the MRW. 
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Fig. 7. Comparison of running-time for five algorithms on the MNIST dataset. 

 

5. CONCLUSIONS 
To improve the performance of spectral clustering, the MRW based method for constructing 
reliable k-NN graphs is proposed in this paper. The high-order transition probability of MRW 
is adopted to determine the neighbors in the proposed method. The proposed method consists 
of two steps. In the first step, an MRW model on the common k -NN graph constructed by the 
data is introduced. Then, in the second step, the probability of the MRW is computed and 
utilized to determine the neighbors. Because of the advantage that the high-order transition 
probabilities characterize the complex relationships among data, the neighbors selected in the 
proposed graph are more reliable than those of existing methods. The results of experiments 
show that the graph constructed by our proposed method performs better and can efficiently 
improve the performance of spectral clustering. 

In future work, we plan to explore a more efficient algorithm to determine the order of the MRW 
and further verify the effectiveness of the proposed graph in other applications. 
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