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Abstract 
 

In most of the existing literature, the definition of the class label has the following 
characteristics. First, the class label of the samples from the same object has an absolutely 
fixed value. Second, the difference between class labels of the samples from different objects 
should be maximized. However, the appearance of a face varies greatly due to the variations of 
the illumination, pose, and expression. Therefore, the previous definition of class label is not 
quite reasonable. Inspired by discriminative least squares regression algorithm (DLSR), a 
noisy label based discriminative least squares regression algorithm (NLDLSR) is presented in 
this paper. In our algorithm, the maximization difference between the class labels of the 
samples from different objects should be satisfied. Meanwhile, the class label of the different 
samples from the same object is allowed to have small difference, which is consistent with the 
fact that the different samples from the same object have some differences. In addition, the 
proposed NLDLSR is expanded to the kernel space, and we further propose a novel kernel 
noisy label based discriminative least squares regression algorithm (KNLDLSR). A large 
number of experiments show that our proposed algorithms can achieve very good 
performance.  
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1. Introduction 

In the past few decades, feature extraction has been widely studied. Many feature extraction 
algorithms were presented in the literatures and they are extensively applied to the image 
analysis, biometric recognition [1-4], and multi-graph learning [5-7]. Nowadays, the existing 
recognition methods can achieve very good recognition effect under restricted conditions, 
such as standard illumination, normal expression and fixed pose [8-10]. However, these 
factors such as illumination, expression and pose are generally uncontrolled in practical 
application, which can cause the recognition performance of the algorithms to drop sharply. 
Therefore, Face recognition is still a challenging task, and we should put more effort to 
research and solve it. 

It is well known that least squares regression (LSR) is a widely-used statistical analysis 
technique. Recently, LSR is used in the field of image recognition. By evaluating linear 
representation ability of training samples for any test sample, LSR can solve image 
classification problems. Because LSR is very simple and highly effective for image 
classification and recognition, a huge number of variant forms of LSR have been presented. 
By introducing sparse constraint to least squares regression (LSR), Wright et al. [11] proposed 
the sparse representation based classification (SRC) algorithm. In SRC, any test sample is 
firstly represented as a linear combination of all training samples. Then, by solving the 
problem of sparse optimization, the sparse representation coefficients can be obtained. Lastly, 
the test sample is assigned to the class in which there is minimum residual between the test 
sample and the corresponding reconstruction sample of each class. SRC can achieve good 
recognition performance in image recognition. To expand SRC to the kernel space, Yin et al. 
[12] proposed a kernel sparse representation based classification (KSRC) algorithm. In order 
to eliminate the influence of occlusions or illumination variations in image recognition, a 
manifold regularized local sparse representation (MRLSR) algorithm [13] is presented. In 
MRLSR, both local similarity and individual sparsity are simultaneously obtained. Based on 
Gabor transform, the Gabor-feature based SRC (GSRC) algorithm was proposed [14], in 
which the computational cost can be significantly reduced in coding the occluded face images. 
He et al. [15] presented the correntropy-based sparse representation (CSR) [15] algorithm. In 
CSR, the maximum correntropy criterion is used. CSR is very different from SRC, and the 
difference is as follows. It can deal with non-Gaussian noise and outliers [16]. Yuan et al. [17] 
proposed a multi-task joint sparse representation based classification (MTJSRC) algorithm.  
MTJSRC can compute joint sparse representation of visual signal across multiple kernel-based 
representations. L1 norm based linear representation methods can get better performance in 
pattern recognition and image classification. However, it need to take more time to solve L1 
norm optimization problem, and it can not meet real-time requirements. The low efficiency of 
L1 norm based methods is largely because of L1 norm based optimization problem. We know 
that it is very time consuming to compute L1 optimization problem. After the working 
mechanism of SRC is analyzed and researched, Zhang et al. [18] gave their own viewpoint. In 
SRC algorithm, it is the collaborative representation, but not the L1-norm sparsity that plays a 
key role for image classification [18]. Based on this observation, they proposed a collaborative 
representation based classification (CRC) method [18]. For any object, there are the following 
facts. Firstly, each object usually includes many different features. Secondly, each different 
feature should have different contributions to the pattern classification and representation [19]. 
Based on this fact, Yang et al [20] presented a relaxed collaborative representation (RCR) 
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algorithm. Both the distinctiveness of features and the similarity of features can be effectively 
utilized in RCR. Xu et al. [21] proposed a two-phase test sample sparse representation 
(TPTSSR) algorithm. In TPTSSR, a coarse-to-fine classification strategy is used for 
classification and recognition, and it can achieve good classification performance. Any sample 
from an object usually lies in a linear subspace constructed by the samples from the same 
object [22]. Based on the fact, Togneri et al. [23] presented linear regression classification 
(LRC) algorithm. The variation of face pose can lead to the sharp degradation of the 
classification performance. In order to solve the problem, Chai et al. [24] presented a local 
linear regression (LLR) algorithm, in which the virtual frontal view corresponding to each 
non-frontal training face image can be generated. By modifying the classification rule of the 
minimum squared error (MSE), Xu et al. [25] proposed a modified minimum squared error 
classification (MMSEC) algorithm. In MMSEC, the class label of the test sample is firstly 
predicted, and the training samples nearest to it are simultaneously obtained. Then the 
obtained predicted results are used to classify the test sample. However, the statistical 
information from the training samples, which actually plays a major role in classification and 
recognition, are usually ignored in most of the linear representation based methods. In order to 
take full advantage of the statistical information, Qian et al. [26] proposed a general regression 
and representation (GRR) algorithm for image recognition and classification. By using a 
simple and effective linear regression function to map the new data points, Nie et al. [27] 
proposed a novel flexible manifold embedding (FME) algorithm. Both the label information 
from labeled data and a manifold structure from all data can be effectively used in FME. 

The previous works largely focused on investigating the importance of the 
L1-regularizer/L2-regularizer. The class label information is almost not emphasized. In least 
squares regression (LSR) and its variants, the class label is usually defined as follows. Firstly, 
the samples from the same object have the same fixed class label. Secondly, the difference of 
class label corresponding to different objects should be maximized. However, human face is 
non-rigid, and the variations of pose, illumination and expression can lead to the large 
variation of face images even for the same object. Due to the diversity of face images, the 
definition of the above class label is not quite reasonable. 

In order to enlarge the distance between different classes under the framework of LSR, a 
discriminative least squares regression (DLSR) algorithm is proposed [28]. In DLSR, the  
-dragging strategy can force the regression targets of different classes moving along opposite 
directions, which can make the distances between classes enlarge. However, the class label of 
the samples from the same object is almost the same. Therefore, the class label defined in 
DLSR is essentially the same as the above defined. However, inspired by the  -dragging idea, 
we propose a noise-label based discriminative least squares regression (NLDLSR) algorithm 
in this paper. In the proposed NLDLSR algorithm, the class label is defined as follows. First, 
the distance among class labels corresponding to different objects should be enlarged. Second, 
the distance among the class labels of different samples from the same object is allowed to 
have small difference, which is consistent with the fact that the different samples from the 
same object have a certain difference. In the proposed NLDLSR algorithm, the definition of 
class label is more general, which can help to obtain the robust mapping relationship between 
training samples and their class label in training stage. Therefore, the proposed NLDLSR 
algorithm is simple but effective.  

The remaining parts of this paper are organized as follows. We briefly introduce the 
discriminative least squares regression (DLSR) algorithm in section 2. Section 3 describes the 
proposed noise-label based discriminative least squares regression (NLDLSR) algorithm in 
detail. In section 4, Based on the proposed NLDLSR, we present a novel kernel noise-label 
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based discriminative least squares regression (KNLDLSR) algorithm. The experimental 
results are given in section 5. Section 6 gives our conclusion. 

2. Discriminative least squares regression (DLSR) algorithm 

Supposed that we have n training samples { }n
iii yx 1),( =  from )2( ≥cc  classes, where ix  is a 

data point in mR  and { }cyi ,,2,1 ∈  is the class label corresponding to the data ix . The 
linear equation can be satisfied as follows [28].  

 T
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, W is a transformation matrix in m cR × , t  is a translation 

vector in cR , [ ]1,1, ,1 T n
ne R= ∈  is a vector with all 1s. 

    The ith column vector of matrix Y  is actually assigned to a type of binary regression with 
target "+1" for the ith class and target "0" for the rest of class. In order to get good classification 
performance, the binary outputs are requested to be far away along two opposite directions. 
Namely, the output will be iε+1  for the samples from one object and iε−  for the samples 
from other objects. where iε  is a small positive variable [28].  

    Supposed that n cB R ×∈  be a constant matrix. An element ijB from the ith row and jth column 
of B  is defined as follows. 

 { 1,
1,

i
ij

if y jB otherwise
+ == −  (2) 

    Each element in matrix B corresponds to a dragging direction. The ε -dragging strategy is 
used on each element of Y, and the matrix n cM R ×∈  records these { }ε  [28]. The residual can 
be gotten as follows. 
 ( ) 0T

nXW e t Y B M+ − + ⊗ =  (3) 

where ⊗  is a Hadamard product operator of matrices. 
    The objective function of DLSR algorithm is defined as follows [28]. 
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where λ  is a positive regularization parameter. By solving the optimization problem of 
Equation (4), we can obtain the optimal W  and t  as follows [28]. 
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where mI  is a m m×  identity matrix, R Y B M= + ⊗ , and (1/ ) T
n n nH I n e e= − , in which nI  is a 

nn×  identity matrix.  

3. Noisy-label based discriminative least squares regression  
Deformable objects usually have a variety of different appearance. For example, face 
appearance can vary dramatically due to the variations of poses, expressions and illuminations. 
The variations between the images corresponding to the same person due to poses, expressions 
and illuminations are almost always greater than the variations due to changes in face identity 
[29, 30]. That is to say, even if the face images come from the same person, the difference 
among the images may be very large. Taking into account the fact, we think that the class label 
of different images from the same object is not necessary to be exactly the same. It should be 
permitted to have minor differences. The proposed NLDLSR algorithm can obtain the optimal 
mapping relationship between the training samples and their corresponding class labels during 
the training stage. 
    Based on the above idea, the Equation (1) can be rewritten as  

 'T
nXW e t Y+ =  (7) 

where 
1 2

' ' ' '[ , , , ]
y y yn

T n cY f f f R ×= ∈ , and 


T

'

j-1

0, 0,1 ,0, ,0
j

cf Rσ
 

= + ∈ 
  
  . In order to truly reflect 

the difference of class label from the same object, σ  is randomly generated, and it is a small 
real-number variable. 
   The objective function of the proposed NLDLSR is defined as follows. 

 2 2'

,
min T

n FFW t
XW e t Y Wλ+ − +  (8) 

Based on convex optimization theory, the optimal solution of Equation 8 can be easily 
obtained as follows. 
 '1)( HYXIHXXW T
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    The specific steps of the proposed NLDLSR are summarized as follows. 
Step 1. The columns of training samples  X are normalized to have unit L2-norm. 

Step 2. Let y  be the test sample. Use 
|| ||

yy
y

=  converts the test sample y into unit vectors. 

Step 3. Solving the optimization model of Equation 8, and W  and t  can be gotten as follows. 
      1( )T T

mW X HX I X HYλ −= +  

      ( ) /T T T
n nt Y e W X e n= −  

Step 4. The class label 1cylabel R ×∈  of the test sample y can be obtained by the following 
Equation 
      Tylabel W y t= +        
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Step 5. Respectively compute the "distance" between the class label ylabel  and each standard 
class label ( 1,2, , )if i c=   from ith class. 

     
2i idis ylabel f= −  

Step 6. The identity of test sample y  is output as 

     { }( ) arg min iidentity y dis=  

4. Kernel noise-label based discriminative least squares regression 
The proposed NLDLSR algorithm is extended to kernel space, and we propose a novel kernel 
noise-label based discriminative least squares regression (KNLDLSR) algorithm. KNLDLSR 
algorithm is assumed to be the nonlinear kernel version of the proposed NLDLSR by means of 
kernel method [31, 32], which mainly deal with the classification issue of nonlinear feature. 

Assume that ϕ be a nonlinear function. Each training sample from low dimensional space 
can be converted to a high dimensional space by the nonlinear functionϕ .The corresponding 
training samples in high dimensional space are respectively denoted by 1 2( ), ( ), , ( )nx x xϕ ϕ ϕ . 
In KNLDLSR algorithm, the linear Equation can be rewritten as follows. 
 '( ) T

nx W e t Yϕ + =  (11) 

where 1 2( ) [ ( ), ( ), , ( )]T
nx x x xϕ ϕ ϕ ϕ=  , W is a transform matrix, and ', ,ne t Y have the same 

meaning as the corresponding variables in the above definition. It can be known from the 
kernel theory that matrix W  in Equation (11) may be represented as a linear combination of all 
training samples ( ), 1,2, ,ix i nϕ =  . Namely,  
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    A kernel function can be used to represent the dot product in the Hilbert space, such 
as ( , ) ( ) ( )T

i jK x x x xϕ ϕ= . Equation (13) can be rewritten as  

 'T
nK e t Yβ + =  (14) 

    Therefore, the objective function of the proposed KNLDLSR algorithm is defined as 
follows. 

 2 2'

,
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n FFt
K e t Y

β
β λ β+ − +  (15) 

    From Equation (15), a new function ( , )g tβ can be denoted by 
2 2'( , ) T
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g t K e t Yβ β λ β= + − + . According to the relevant optimization theory of the 

matrix, we can get 
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where ,m nI I  and H  is the same meaning as defined in above Equations. 

5. Experiments  
In this section, we use four public face databases to validate the proposed NLDLSR and 
KNLDLSR algorithms. When the proposed NLDLSR is run, PCA[33], MSEC and DLSR 
algorithms are also respectively performed for comparisons [28]. When the proposed 
KNLDLSR is performed, the KPCA[34], KMSEC[35], and KDLSR are used to act as 
comparative algorithms. In addition, the polynomial kernel ( , ) (1 )T dk x y x y= +  is used in the 
proposed KNLDLSR and the corresponding kernel algorithms. In the algorithms, there are 
two parameters σ  and d. The optimal σ is selected for the proposed NLDLSR algorithm, and 
we make 1.0≤σ  in this paper. The optimal kernel parameter d is respectively selected for 
each kernel algorithms in experiments.  

5.1 Parameters Selection 
In the proposed KNLDLSR method, there is only one parameter d. In order to determine the 
optimal value of the parameter d, we do some experiments on public databases. The average 
recognition rates of KNLDLSR vary with the parameter d in Fig. 1. It can be seen from Fig. 1 
that the value of the parameter d will vary on different face databases.  

 
                                                   (a) 
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5.2 Experiment on Yale face database  
The Yale face database includes 165 images from 15 objects, and each object has 11 images 
under various lighting conditions and facial expressions. In this experiment, we manually crop 
each image and make them to 50×40 pixels. Some sample images of one person are shown in 
Fig. 2. 
 

 

 

 

    
 In this section, the first 1, 2 up to 10 face images of each object are respectively selected to 
serve as the training set and the rest images of each object to act as test set. The class label of 
each training sample is not fixed in our proposed algorithms, and it is randomly generated. In 
order to truly reflect the performance of our algorithms, we run the proposed algorithms for 10 
times to eliminate the effect of random for our algorithms. The Table 1 shows the recognition 
results. 
 
 
 

 
                                                    (d) 

Fig. 2. Sample face images from the Yale database.  
 

Fig. 1. The performance of KNLDLSR versus parameters d. (a) Yale, (b) UMIST, (c) AR, (d)GT 
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Table 1. Recognition rates of different methods on the Yale database (%) 

Methods 
Number of the original training samples per class 

1 2 3 4 5 6 7 8 9 10 

PCA 74 88.89 90 92.38 88.89 86.67 98.33 100 100 100 

MSEC 88.00 92.59 95.83 100 100 100 100 100 100 100 

DLSR 88.67 92.59 95.83 100 100 100 100 100 100 100 

NLDLSR 88.80 93.48 95.33 100 100 100 100 100 100 100 

KPCA(d=0.6) 76.67 88.89 90.00 92.38 88.89 88.00 98.33 100 100 100 

KMSEC(d=2.5) 88.00 92.59 95.83 100 100 100 100 100 100 100 

KDLSR(d=2.5) 89.33 94.07 95.83 100 100 100 100 100 100 100 

KNLDLSR(d=2.5) 90 94.81 95.83 100 100 100 100 100 100 100 

 
    It can be seen from Table 1 that we can draw two conclusions. Firstly, the proposed 
NLDLSR outperforms PCA, MSEC and DLSR algorithms. Secondly, the proposed 
KNLDLSR achieves the highest recognition rate in all algorithms. From the above two points 
we can know that the kernel method can indeed enhance the classification performance and 
improve the recognition rate. 
 

5.3 Experiments on UMIST face database 
The UMIST database contains 575 face images from 20 persons. The individuals are a mix of 
appearance, race, and sex, and are captured in a range of poses from profile to frontal views. 
The number of different views per person varies from 19 to 48. The size of each face image is 
manually cropped to 56×48 pixels. Fig. 3 shows some sample images from one object. 
 
 

 

    

    In this experiment, the first 2, 3 to 7 face images of each object are respectively selected to 
act as training set and the rest of each person to take as test images. The proposed algorithms 
are performed for 10 times. Table 2 lists the recognition results. 
 
 
 

Fig. 3. Sample face images from the UMIST database  
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                  Table 2. Recognition rates of different methods on the UMIST database (%) 

Methods 
Number of the original training samples per class 

2 3 4 5 6 7 

PCA 60.00 71.72 75.63 84.60 88.51 89.66 

MSEC 58.28 69.79 75.31 83.29 88.74 90.57 

DLSR 60.00 74.25 80.23 85.98 88.74 91.95 

NLDLSR 60.69 73.79 81.61 88.28 89.89 93.10 

KPCA(d=1.0) 60.46 72.41 78.16 85.75 88.97 90.57 

KMSEC(d=1.7) 60.46 72.87 77.70 84.83 87.13 90.57 

KDLSR(d=3.5) 60.92 74.71 79.77 86.44 89.20 92.64 

KNLDLSR(d=2.0) 61.84 74.48 81.15 88.89 89.91 93.56 

     

    From Table 2, we can see that the recognition rates of proposed NLDLSR are slightly 
higher than those of the other algorithms when the training sample size is 2. Though the 
recognition performance of the proposed KNLDLSR is better than other kernel methods, the 
performance of the proposed NLDLSR and KNLDLSR is relatively close. This is because the 
parameter d in polynomial kernel function is set as a fixed value regardless of the training 
sample size. 

5.4 Experiment on AR face database 
The AR face database [36] consists of more than 4000 color face images from 126 persons, 
including 26 frontal views of faces with different occlusions, facial expressions, and lighting 
conditions for each person. The images from 120 persons were taken in two sessions (14 days 
apart) and each session includes 13 color images. Fourteen face images (each session 
including 7) of these 120 persons are used in our experiment. The images are firstly converted 
to grayscale. The size of each face image is manually cropped to 50×40 pixels. Some images 
of one person are shown in Fig. 4.  
 

  

  

 Fig. 4. Sample face images from AR database.  
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    For this experiment, fourteen not occluded face images of each object from the first session 
and the second session are used to validate our algorithms. We respectively select The l  face 
images ( l  varies from 1 to 7) are respectively selected from the first session to take as training 
images, and the seven face images of each object from the second session are selected to act as 
test images. The proposed algorithms are repeated for 10 times. Table 3 shows the experiment 
results. 
 

Table 3. Recognition rates of different methods on the AR database (%) 

Methods 
Number of the original training samples per class 

1 2 3 4 5 6 7 

PCA 43.93 43.45 46.07 46.31 53.69 60.36 62.98 

MSEC 67.02 67.14 66.79 65.83 70.06 74.52 75.12 

DLSR 68.21 67.38 67.62 66.07 70.60 75.48 75.71 

NLDLSR 68.89 69.17 70.71 70.60 73.10 76.55 77.38 

KPCA(d=0.7) 52.74 53.75 55.12 55.36 60.00 64.40 67.26 

KMSEC(d=2.0) 68.57 68.69 69.76 69.29 71.19 76.31 77.14 

KDLSR(d=1.7) 66.07 66.43 67.74 68.69 70.12 76.55 77.74 

KNLDLSR(d=1.5) 69.40 70.95 71.07 70.60 72.74 77.62 78.33 

     

    From Table 3, we can know that the proposed NLDLSR and KNLDLSR can respectively 
achieve the best recognition performance in all algorithms (the corresponding linear methods 
and the corresponding kernel methods) irrespective of the variation of training sample size. 
We also find that the kernel versions of the algorithms do not consistently outperform the 
original algorithms. The reasons may be as follows. The parameter d in polynomial kernel 
function is very important, and its value can seriously affect the performance of the algorithms. 
In order to get the best recognition performance for kernel methods, the parameter d usually 
should be selected different value when the training sample size changes. However, for 
simplicity, we set the parameter d fixed value irrespective of the variation of training sample 
size in our experiments.  

5.5 Experiments on Georgia Tech face database 
Georgia Tech face database includes images from 50 persons taken in two or three sessions, 
which were built at Georgia Institute of Technology. For each object in the database, 15 color 
images which are captured under cluttered background were obtained at the resolution of 
640×480 pixels. Faces shown in these images may be tilted and/or frontal with different 
expressions, scales, and illuminations. All images were resized to 60×50 pixels. All color 
images are converted to grayscale images. Fig. 5 shows some images of one person. 
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    In this experiment, the first 1, 2 up to 7 face images of each person are respectively used to 
take as training set and the rest to be test set. The proposed algorithms are repeated for 10 times. 
The recognition results of all algorithms are shown as Table 4. 
 

Table 4. Recognition rates of different methods on the Georgia Tech database (%) 

Methods 

Number of the original training samples per 

class 

1 2 3 4 5 

PCA 36.57 45.23 47.67 51.82 53.60 

MSEC 33.00 42.77 46.00 48.36 51.60 

DLSR 33.71 44.46 49.00 50.55 54.40 

NLDLSR 36.14 45.38 49.00 53.64 56.80 

KPCA(d=0.7) 38.43 45.08 48.67 50.36 52.20 

KMSEC(d=2.0) 34.29 45.08 49.17 53.27 56.40 

KDLSR(d=1.7) 35.43 48.15 50.33 54.55 57.20 

KNLDLSR(d=1.5) 35.29 48.62 51.83 54.55 59.00 

     

    It can be seen from Table 4 that the proposed NLDLSR and KNLDLSR algorithms 
respectively outperform other corresponding algorithms when training sample size is 

Fig. 5. Sample face images from Georgia Tech face database.  
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respectively 2, 3, 4 and 5. When the training sample size is one, PCA and KPCA respectively 
get the highest recognition rates in all algorithms. 
    From all above experiments, we can see that the proposed NLDLSR indeed improve the 
classification performance. Therefore, it is reasonable to have small difference for class label 
from the same object. 

6. Conclusion 
In this paper, we propose a novel noisy-label based discriminative least squares regression 
(NLDLSR) algorithm for multi-class classification. Compared with the discriminative least 
squares regression (DLSR) algorithm, the main contributions of our method are as follows. 1) 
The optimal mapping relationship between the training samples and the corresponding class 
label can be obtained during the training stage. 2) The optimization problem in DLSR is solved 
in an iterative manner, and training time is relatively long. However, the optimal solution of 
the proposed NLDLSR algorithm can be obtained in one step, so the time complexity in 
training stage is very short. Moreover, the proposed NLDLSR algorithm is extended to the 
kernel space and we present a KNLDLSR algorithm. Extensive experiments show that the 
proposed methods have high classification accuracy. 
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